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Introduction. 

This paper is a sequel to [Ka2| ; the goal of both papers is to try to understand 
how some purely homological notions used in [Kal] are related to Topological 
Cyclic Homology of [BfflVT. This turned out to be a rather lengthy project, 
since one has to construct appropriate homological counterparts of several 
notions from stable homotopy theory. 

The paper [Ka2] dealt with derived Mackey functors, homological ana- 
logues of genuine G-equivariant spectra of |LMSj . While the abelian category 
of Mackey functors is very well known in stable homotopy theory, and does 
play an important role, its most naive derived generalization turned to be 
not quite well-behaved. Thus a slightly different derived version of Mackey 
functors was constructed and studied in [Ka2]. 

The present paper deals with cyclotomic spectra of [BM| . especially as 
presented in [HM|. To find a homological counterpart for those, one first has 
to go beyond [Ka2]: by definition, cyclotomic spectra are equivariant with 
respect to the circle group S , and |Ka2| only dealt with finite groups G. 
We cannot really construct a good homological analogue of all S 1 -spectra 
spectra, but we do construct a category VMA(Z) of "cyclic Mackey func- 
tors" which captures the part of the equivariant stable category relevant to 
Topological Cyclic Homology. We then introduces the triangulated category 
PAR(Z) of "cyclotomic complexes". 

Ideally, the relation between cyclotomic complexes and cyclotomic spec- 
tra should be expressed by a commutative diagram 

£>AR(Z) ► Cycl 

M 1 

P(Z) ► StHom 
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of "brave new schemes" , understood for example as tensor triangulated cat- 
egories with some enhancement. Here StHom is the stable homotopy cate- 
gory, V(Z) is the derived category of abelian groups, and Cycl is the category 
of cyclotomic spectra. The diagram should be "almost Cartesian". More 
precisely, it should become Cartesian if we restrict our attension to the sub- 
category Cycl° C Cycl of cyclotomic spectra T with trivial geometric fixed 
points & s T with respect to the whole group S 1 . 

At present, such a nice picture seems way beyond reach; besides the 
obvious difficulties with making all the "brave new" notions precise, it seems 
that up to now, no-one constructed Cycl even as a triangulated category. 
Thus in practice, we restrict our attention to the following two things: 

(i) we construct an equivariant homology cyclotomic complex C, (T) for 
every cyclotomic spectrum T; this ought to correspond to the top 
arrow in (|U.1|) . 

(ii) we construct a topological cyclic homology functor TC on the category 
PAR(Z) in such a way that for any cyclotomic spectrum T, TC(C.(T)) 
is naturally identified with the homology of the spectrum TC(T). 

We then adopt a different perspective and give a completely different and 
very simple description of the category PAR(Z). As it happens, cyclotomic 
complexes are essentially equivalent to "filtered Dieudonne modules" of |FL] . 
Filtered Dieudonne modules are rather simple linear-algebraic gadgets with 
a deep meaning — they give a p-adic counterpart of Deligne's notion of a 
mixed Hodge structure, and the whole story acquires a distinctly motivic 
flavour. A more detailed discussion of this is available in [Ka3| . 

Filtered Dieudonne modules arise naturally as the cristalline cohomology 
of algebraic varieties over Z p , while cyclotomic spectra appear as Topological 
Hochschild Homology spectra of ring spectra A. In view of the equivalence 
we established, there are many areas of intersection where one can compare 
the two constructions. We did not attempt to do so in this paper; we stick to 
pure linear algebra, and leave the geometric applications for future research. 
The only comparison result that we prove says that for profinitely complete 
cyclotomic complexes, the topological cyclic homology TC in fact coincides 
with the syntomic cohomology of [FM| familiar in the theory of Dieudonne 
modules. 

The paper is organized as follows. To begin the story, we need some 
model for S 1 -equivariant spaces and their homology; for better or for worse, 
we have chosen to use the combinatorial approach using A. Connes's cat- 
egory A. Section 1 contains necessary fact about the category A and its 
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various cousins. In Section 2, we construct cyclic Mackey functors. Section 
3 deals with cyclotomic complexes. Section 4 is the tecnical heart of the 
paper: here we construct equivariant homology functors from S^-spectra 
to HMA(Z) and from cyclotomic spectra to PAR(Z). Then in Section 5, 
we forget all about topology and prove the comparison theorem between 
cyclotomic complexes and filtered Dieudonne modules. Finally, in Section 
6 we briefly discuss topological cyclic homology, and prove the comparison 
theorems for TC. Appendix contains some technicalities, mostly from [Ka2] . 

Acknowledgements. Many discussions on the subject with G. Merzon 
were very inspirational and helpful. I owe a lot to L. Hesselholt for his pa- 
tient explanation about topology (this goes both for this paper in particular, 
and for the whole project in general). I am grateful for V. Vologodsky for 
explanations about Dieudonne modules. It is a pleasure to thank A. Beilin- 
son, V. Drinfeld, V. Ginzburg, D. Kazhdan, and J. P. May for their interest 
in this work. A part of the paper was finished at the Hebrew University 
of Jerusalem, and another part was done while visiting the University of 
Chicago; the hospitality of both places is gratefully acknowledged. 

1 Cyclic categories. 

1.1 Connes' cyclic category. Recall that A. Connes' cyclic category A 
is a small category whose objects [n] are indexed by positive integers n, 
n > 1. Maps between [n] and [m] can be defined in various equivalent ways; 
for the convenience of the reader, we recall two of these descriptions. 

Topological description. The object [n] is thought of as a "wheel" - a cellular 
decomposition of the circle S 1 with n 0-cells, called vertices, and n 1-cells, 
called edges. A continuous map / : S 1 — > S 1 induces a map / : R — > R of the 
universal covers; say that / is monotonous if /(a) > f(b) for any a, b € M, 
a > b. Then morphisms from [n] to [m] in the category A are homotopy 
classes of monotonous continuous maps / : [n] — > [m] which have degree 1 
and send vertices to vertices. 

Combinatorial description. Consider the category K^g of totally ordered 
sets equipped with an order-preserving endomorphism r. Let [n] 6 A^g 
be the set Z with the natural linear order and endomorphism r : Z — > Z, 
r(a) = a + n. Let Aqo C A^g be the full subcategory spanned by [n], 
n > 1. For any [n], [m] E Aoo, the set A cx3 ([n],[m]) is acted upon by the 
endomorphism r (on the left, or on the right, by definition it does not 
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matter). We define the set of maps A([n], [m]) in the category A by 

(1.1) A([n],H) = A 00 ([n],H)/r. 

Other descriptions are possible, see [Q Chapter 6] and Appendix to [FTJ. 

For any [n] € A, the set V([n]) of vertices of the corresponding decompo- 
sition of the circle can be naturally identified with the set A([l], [n]) of maps 
from [1] to [n], and the set S([n]) of edges can be identified with the set 
A([n], [1]) - in particular, E(-) is a contravariant functor (geometrically, the 
preimage of an edge is contained in exactly one edge). The automorphism 
group Aut([n]) is the cyclic group Z/nZ generated by the clockwise rota- 
tion; we will denote the generator by a. In the combinatorial description, a 
corresponds to the map Z — > Z, a i— > a + 1. 

Given an integer p > 2, one can define a category A p by taking the same 
set of objects [n], n > 1, and setting 

A p ([n],M) = Aoo(M,H)/T p . 

The category A p is intermediate between Aoo and A; in particular, the obvi- 
ous projections A oc ([n], [m])/r p — > A oc ([n], [m])/r together define a functor 

tt p : A p — > A. 

The functor ir p is a bifibration with fiber pt p = [l/(Z/pZ)], the groupoid with 
one object and automorphism group Z/pZ. On the other hand, A p ([n], [m]) 
can be identified with the set of maps / : [np] — > [mp] in A such that 
/ o a n = o m o /; this gives a canonical functor 

i p : A p — > A 

such that on objects, we have ip([n]) = [np]. Denote by 

(1.2) AI = ]jA p 

p>i 

the disjoint union of all the categories A p , p > 1. Then the functors i p and 
Tip can be considered together as two functors 

(1.3) i,7r:AI->A. 

The category A is self-dual: an equivalence A = A opp sends every object to 
itself, and a morphism [n] — > [m] represented by a map / : Z — > Z goes to 
the map represented by /j : Z — > Z, 

(1.4) /j(o) = max{6 G Z|/(6) < a}. 
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In the topological description, the duality interchanged edges and vertices 
and corresponds to taking the dual cellular decomposition. 

For any [n], [m] G A, the set of maps A([n], [m]) is finite. The groups 
Aut([n]) and Aut([m]) act on A([n],[m]) by compositions, and both these 
actions are stabilizer-free. We will need the following slightly more general 
fact. 

Lemma 1.1. Assume given three integers m, n, I such that m, I > 1, n > 2, 
and a map f : [nl] — > [m] in A such that 

foa l =a h of 
for some integer l\, < l\ < m. Then m = nl\. 

Proof. Use the combinatorial description of A. Then / is represented by an 
order-preserving map / : Z — > Z such that 

(1.5) f(a + nl) = f(a) + m, f(a + I) = /(a) + h + bm 

for any a G Z, where b is a fixed integer independent of a. Since a < a + l < 
a + nl, this implies < l\ + bm < m, so that either l\ = and b = 1, or 
6 = 0. The first case is impossible since a acts on A([nZ], [m]) without fixed 
points. Thus 6 = 0, and (I1.5P immediately implies the claim. □ 

The category A/[l] of objects [n] G A equipped with a map [n] — > [1] is 
naturally equivalent to the category A of non-empty finite totally ordered 
sets: geometrically, A/[l] is the category of wheels with a fixed edge, and 
removing this edge creates a canonical clockwise total order on the set of 
vertices of the wheel. We thus have a natural discrete fibration A = A/[l] — > 
A inducing a cofibration j° : A opp — > A opp . Dually, the category [1]\A of 
objects [n] G A equipped with a map [1] — > [n] is equivalent to A opp , so that 
we get a natural discrete fibration j : A — > A opp (geometrically, A opp is the 
category of wheels with a fixed vertex). The same constructions work for 
the categories A n , n > 2. In particular, we obtain a canonical functor 

jn : A — >• A opp , 

and we have ir o j n = j for any n > 2. Let A n — > A be the bifibration 
obtained by the Cartesian square 

A n > AT 

A u > A opp . 
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Then the functor j n gives a splitting A —> A n of this bifibration, so that we 
have A n = A x pt n . In more down-to-earth terms, this means that the group 
Z/nZ acts on the functor j n . We can also compose j n with the embedding 
i n ; this results in a commutative diagram 



Jn 



r„ 



AT 



-> A opp , 



where r n : A 
(1.6) 



A is the edgewise subdivision functor given by 
r n (H) = N x N> 



where [m], [n] are totally ordered sets with m resp. n elements, and [n] x [to] 
is given the left-to-right lexicographical order. 



1.2 Cyclotomic category. We now introduce the following definition 
based on the topological description of the category A. 

Definition 1.2. The cyclotomic category AR is the small category with 
the same objects [n], n > 1, as the category A. If we think of [n] as a 
configuration of n marked points on a circle S 1 , then morphisms from [n] 
to [m] in the category AR are homotopy classes of monotonous continuous 
maps / : [n] — >■ [to] which send marked points to marked points and have 
positive degree, degf > 1. 

The only difference with the category A is that the maps are allowed to 
have degree bigger than 1. A typical new map is obtained as follows. For 
every configuration of n points on a circle and any positive integer I > 1, 
consider the Z-fold etale cover 717 : S 1 — >■ S 1 , and the configuration of nl 
preimages of n marked points. Then tt gives a well-defined map ir rh i : [nl] — > 
[n] in the category AR. Moreover, every map / : [m] — > [m] of degree / in 
the category AR factors as / = 7r ra ^ o /' for some /' : [m] — > [nl] of degree 1, 
and such a factorization is unique up to the action of the group TLjVLoi deck 
transformations of the covering 717 : S 1 — > S 1 . Thus the set Ai?;([m], [n]) of 
degree-/ maps from [m] to [n] is naturally identified with the quotient 

(1.7) ARi([m], [n]) = A([m], [nl])/(Z/lZ) 

by the action of the group 7Ljl7L generated by a n : [nl] — > [nl]. In particular, 
ARi([m], [n]) is finite for every [m], [n] and /. 
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Definition 1.3. A map / : [m] — > [n] in the category AR is horizontal if it 
is of degree 1. A map / : [m] — > [n] of some degree / > 1 is vertical if the 
map /' : [m] — > [nl] in the decomposition / = 7r nj ; o / is invertible. 

It follows from the discussion above that vertical and horizontal maps 
form a factorization system on AR in the sense of Definition IA.21 The 
subcategory AR^ formed by horizontal maps is by definition equivalent to A. 
Moreover, for any group G, let Oq be the category of finite G-orbits - that 
is, finite sets equipped with a transitive G-action. Then the subcategory 
AR V C AR formed by vertical maps is obviously equivalent to the orbit 
category 0% - the equivalence sends [n] € AR to the orbit Z/nZ (all finite 
Z-orbits are of this form). 

Lemma 1.4. For any pair of a horizontal map h : [mi] — > [m] and a vertical 
map v : [777-2] — > [m] in Ail, there exists a Cartesian square 

[777,12] kl > [m 2 ] 

VI 

[mi] 

with horizontal h\ and vertical v\ . 

Proof. Clear. □ 

Composing the functors i and ir of (|1.3p with the natural embedding 
A = ARh ^-?> Ail, we obtain functors 

i,n : Ai ->■ Ail. 



m 



Moreover, the quotient maps 7r nj /, 77, 1 > 1 taken together define a vertical 
map 



(1- 



v : 1 — > tv. 



Let Ai be the category of vertical maps v : [m] — > [m'\ in Ail, with maps 
from v\ : [mi] — > [m'J to f2 : [m^] — > [m^] given by commutative squares 



(1.9) 



l m i\ 



-> ["72] 



''2 



/' 



-> [m 2 ; 



s 



with horizontal /, /'. Then sending a £ A J to v : i(a) — > ir(a) defines a 
functor 

(1.10) AI -> AI. 

Lemma 1.5. The functor (jl.lOp is an equivalence of categories. 

Proof Clear. □ 

Sending a wheel [n] 6 AR to the set V([n]) of its vertices defines a functor 
AR ->■ Sets. We let 

(1-11) AR — 2— ► Ai? opp 

be the discrete fibration corresponding to V by the Grothendieck construc- 
tion. 

Lemma 1.6. The functor 5 = degoj : AR — > [1/N*] is a cofibration, with 
fiber A, and transition functor r m corresponding to m 6 N* given by the 
edgewise subdivision functor. 

Proof. By definition, AR is opposite to the full subcategory in the slice 
category [l]\Ai? spanned by horizontal maps h : [1] — > [n], [n] € AR. More- 
over, it inherits from AR the vertical/horizontal factorization system. One 
now immediately deduces that vertical maps are Cartesian with respect to 
5, while the fiber of 5 is spanned by horizontal maps. □ 



1.3 Extended categories. Let N* be the monoid of positive integers 
I > 1 with respect to multiplication, and let [1/N*] be the category with one 
object 1 and 

Hom [1/N .](l,l)=N*. 
Sending a map to its degree gives then a functor 

(1.12) deg: AR ^ [1/N*]. 

This functor has a section, the fully faithful embedding a : [1/N*] — > AR 
which sends 1 to [1] € AR (any map [1] — >■ [1] is uniquely determined by its 
degree). Moreover, let 

1 = 1\[1/N*] 

be the category of objects a G [1/N*] equipped with a map 1 — > a (the slice 
category). Equivalently, / is N* considered as a partially ordered set with 
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order given by divisibility, and turned into a category in the standard way. 
Then we have a natural cofibration 

(1.13) J-)-[l/N*] 

whose fiber is the set N* considered as a discrete category. By the Grothen- 
dieck construction, this corresponds to a functor [1/N*] — > Sets sending 1 to 
N*, in other words, to an action of the monoid N* on itself; the action is by 
right multiplication. 

Let now N* act on itself both on the right and on the left, and let 
I be corresponding category cofibered over [1/N*] x [1/N*] with fiber N*. 
Equivalently, I is obtained by the Cartesian square 

I ► / 

[1/N*] x [1/N*] ► [1/N*], 

where the bottom map is induced by the product map N* x N* — > N*. 
Composing the cofibration I —¥ [1/N*] x [1/N*] with the projection onto the 
right multiple [1/N*], we obtain a cofibration 

(1.14) I->[l/N*], 

with the fiber /. We also have a natural Cartesian functor I — > 1; on fibers, it 
is given by the inclusion of the discrete category N* into / (which is nothing 
but N* considered as a partially ordered set). Explicitly, objects in I are 
positive integers n > 1, and morphisms are generated by morphisms 

(1.15) F u Ri:n^nl 
for any n,l > 1, subject to relations 

Fn ° F m — Fnmi R71 ° R<m — Rnmi F n o R m — Rm F n 

for any n, m > 1. This is opposite to the category introduced by T. Good- 
willie in [Good] , 

Definition 1.7. The extended cyclic category AZ is given by 

AZ = AR x [1/N *] I, 

and the extended cyclotomic category AR is given by 

AR = AR X[!/ N .] I, 

where in both cases, AR — > [1/N*] is the degree functor deg of (I1.12p . and 
I [1/N*] resp. I [1/N*] are the cofibrations (Q3]l resp. lOljl . 
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The section a : [1/N*] ->■ AR of the degree functor deg : AR ->■ [1/N*] 
induces a functor 

(1.16) 5:I->AJS. 
By definition, we have cofibrations 

(1.17) X-.AZ^AR, A : AR ->■ Ai?, 

with^Jibers identified with N* resp. /. Explicitly, objects in either AZ 
or AR are given by pairs ([n] € Ai?, / € N*); we will denote sich a pair 
by [n|m]. A map from [n|m] to [n',m'] in AZ resp. Ai? is a map / : 
[n] —¥ [n'\ in Ai? such that m! = mdegf, resp. m! = lm deg f for some 
integer I > 1. The vertical/horizontal factorization system then induces an 
analogous vertical/horizontal factorization systems on AZ and Ai?. Denote 
by AZ V , AZh C AZ, AR^^AR^ C A^R thejsubcategories spanned by vertical, 
resp. horizontal maps. Then AZ^ and ARh decompose as 

(1.18) AZ h = ]J AZ m = N* x A, AR h = I x A, 

m>l 

where AZ™ is the full subcategory spanned by the objects [n|m], n > 1, and 
for every m, the category AZ™ is naturally equivalent to A. On the other 
hand, the category AZ„ decomposes as 

(1.19) AZ, = ]J AZ£ - ]J O z/nZ , 

n>l n>l 

where AZ^ is the full subcategory spanned by objects [n'|m'] with n = n'm', 
and for every n, the category AZ^ is naturally equivalent to the category 
Oz/nZ- These decompositions are induced by the identifications AR^ = A, 
AR V O z . 

1.4 More on extended cyclic category. Here are some more simple 
properties of the category AZ. By Yoneda, the category AZ is fully and 
faithfully embedded into the category Fun (AZ opp , Sets). Restricting to A = 
AZ^ C AZ, we obtain a functor 

Y : AZ -> Fun(A°^,Sets). 

This gives an alternative purely combinatorial description of the category 
AZ, since we have the following result. 
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Lemma 1.8. The functor Y is fully faithful. 

Proof. By definition, Y([n|l]) is the functor h\ n ] : A opp — > Sets represented 
by [n] G A, and by (|1.T|) . y([n|m]) for m > 2 is the quotient fy nm ]/(Z/mZ) 
of /i[ nm ] by the action of the cyclic group Z/mZ C Aut ([nm]). We then have 

Rom(Y([n\m}),Y([n'\m'})) = Rom(h [nm] ,h [n , mf] /(Z/m'Z)f/ mZ 

= (A([nm],[n'm'})/(Z/m'Z)) Z/mI ' , 

and by Lemma II. 1\ this is non-empty only if m' = Im for some I, and 
coincides with 

A([n,n'Z])/(Z/ZZ). 

Again by (jl.7p . this coincides with AZ([n|m], [n'|m']) = Ai?/([n], [n'/]). □ 



Lemma 1.9. For any pair of a horizontal map h : [ni\m] — s> [n\m] and a 
vertical map v : h : [n'\m'] — > [n\m], there exists a cartesian square 

[n'Jm'] — - — 7- [ni|m] 
(1-20) h /j U 

[n'lm'] — - — > [n\m] 

in AZ with horizontal h! and vertical v' . 



Proof. Use Lemma 11.41 and notice that degfi = degv. □ 

By virtue of this Lemma, we can define a new category AZ as follows: 
the objects are the same as in AZ, morphisms from c to d are given by 
isomorphism classes of diagrams 

(1-21) c <_!!_ Cl c > 

with vertical v and horizontal h. Composition is given by pullbacks. Note 
that a diagram (|1.21|) has no non-trivial automorphisms. Therefore AZ has 
a natural factorization system, with horizontal resp. vertical maps repre- 
sented by a diagram with invertible v resp. h. As before, we denote the 
corresponding subcategories by AZ^, AZ„ C AZ. We have decomposition 

^ = II °?/nZ> AZ h = N* X A 

n>l 
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induced by (fTTT9l) and (fLTSj) . so that we have AZ„ ^ AZ° PP and AZ ft 9* AZ h . 
Note that the equivalence A = A opp of (jl.4|) gives an equivalence 

(1.22) AZ h = N* x A — )■ AZ° PP = N* x A opp . 
Lemma 1.10. There exists en equivalence of categories 

AZ ^ AZ opp 

which restricts to the identity functor AZ V = AZ° PP — > AZ° PP C AZ opp and 
to the equivalence AZ h AZ h -> AZ° PP C AZ opp 0/ (fL22l) . 

Proof. The shape of the equivalence AZ = AZ opp is prescribed by the con- 
ditions: it is identical on objects and on vertical morphisms, and it sends 
a horizontal morphism h in some AZ™ C AZ, AZ™ = A to hp To see that 
this is consistent, we have to check that for any Cartesian square (jl.20p . the 
diagram 

[n'jjm'] — - — > [ni\m] 

[n'\m'] — - — y [n\m] 

is commutative. This immediately follows from the construction: both maps 
h and h! can be represented by the same map [nira] — > [nm\. □ 

1.5 Homological properties. The geometric realization |A| of the nerve 
of the category A is homotopy equivalent to BU(1), the classifying space of 
the unit circle group U(l). In particular, the cohomology of the category 
A = A opp with coefficients in the constant functor Z is given by 

H'(A opp ,Z) = H'(A,Z) ^ Z[u], 

where u is a generator of degree 2. To see u £ H 2 (A,Z) explicitly, asso- 
ciate to a wheel [n] € A its cellular cohomology complex C"([n],Z). Since 
topologically, every wheel is the circle S 1 = U(l), we have an exact sequence 

► Z > C°([n],Z) > C x ([n],Z) > Z > 

for any [n] € A. This sequence depends functorially on [n], so that we obtain 
an exact sequence 

(1.23) ► Z j,Z — ^ fiZ z ► 
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of functors in Fun(A opp ,Z), where we have identified 

C 1 (M,Z)-Z[ J B([n])]-( J rZ)(M), 
C°(H,Z)-Z[F([n])]*-(i*Z)(H), 

with j : A -)• A°pp, j° : -> A opp as in Subsection [TTJ The exact 

sequence (jl.23p represents by Yoneda an element u G Ext 2 (Z,Z); this is the 
generator of the polynomial algebra Ext"(Z,Z) = H' (A opp ,Z). 

The cellular cohomology complexes are also functorial with respect to 
maps of higher degrees, so that the exact sequence (jl.23p extends to the 
category Fun(Ai?,Z). The extended sequence takes the form 

(1.24) o ► Z j,Z — E -^-> deg*Z(l) > 0, 

where j is as in (jl.lip . E G Fun(Ai? opp , Z) denotes the functor [n] h-> 
C 1 ([n],Z), and Z(l) G Fun([l/N*],Z) is the functor corresponding to Z 
with every n G N* acting by multiplication by n. 

Using the functors i, 7r of (11. 3D . we can pull back the sequence (|1.23p to 
the category AI opp in two ways, and the map (jl.8p induces a map between 
these pullbacks. After fixing a positive integer n > 2 and restricting to 
A^ pp C AI opp , what we obtain is a commutative diagram 

o ► z ► o;z i*j? pp z > z ► o 

(1.25) id 
> Z 

where the vertical maps r] n are isomorphisms. The geometric realization 
|A n | of the category A n has the same homotopy type as |A|, and the functor 
i n : A n — > A induces a homotopy equivalence of the realizations. The first 
line in (jl.25p represents by Yoneda the generator u G H 2 {Ajt p , Z) of the 
cohomology algebra 

H'(A° n pp ,Z) H'(A opp ,Z) 9*Z[ U ]. 

On the other hand, the functor 7r n : A n — )• A does no£ induce a homotopy 
equivalence of realizations: on the level of realizations |A n | = |A| = BU(1), 
the map induced by Tr n corresponds to the n-fold covering U(l) — > U(l). 
the second line in (jl.25p represents the elemend 7r^ = nu G H 2 (A^ P , Z). 



n id 



-> Z 



-»• o, 
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1.6 Homological vanishing. We will also need some cohomological van- 
ishing results on small categories AR and AR opp . First recall that if we take 
any p > 1 and let r p : A — > A be the edgewise subdivison functor (jl.6p . then 
for any M € T>(A, k), the natural map 

H'(A,r*M) -> H'(A,M) 

is an isomorphism (see e.g. |KaH Lemma 1.14], but in fact the statement is 
very well-known). By adjunction, this means that the natural map 

(1.26) r p \k -> k 

is a quasiisomorphism for any p > 1 (here denotes the constant functors) . 

Lemma 1.11. Let h : A = ARh — > AR be the natural embedding, and 
assume given an object M € T>(AR opp ,Z) such that H'(A,M) = 0. Then 
H'(AR,M) = 0. 

Proof. Let 5 : AR —> [1/N*] be the cofibration of Lemma ll.6[ It suffices to 
prove that R'5*M = 0. Equivalently, 

H'(AR,k*M) = 0, 

where AR is the category of objects [re] € Ai? equipped with a map 5([n]) — > 
1 — in other words, a number rre € N* — and k : AR AR is the forgetful 
functor. For any I > 1, let tj : A — > AR be the embedding sending [re] to itself 
equipped with the number I. We also have the forgetful functor 5 : AR — > I 
induced by 5 : Ai? — > [1/N*], and by Lemma 11.61 this is a cofibration with 
transition functors r n . Therefore the functor i*i m \ : T>(A,k) — > T>(A,k) 
is trivial unless m = Ip for some p, and isomorphic to r p \ if this is the 
case. Then by (ll.26p . the adjunction map ink — > k is an isomorphism at 
t P (A) C AR for all p dividing /. Therefore 

k = \imii\k, 

— > 

so that it suffices to prove that 

RHom" (ink, k*M) = 

for any /. By adjunction, this means H' (A, C[ k* M) = 0, and we have 
k o n = id. □ 
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Corollary 1.12. For any M G Fun(Ai? opp , k), we have 

H'(AR°pp,M®E) = 0, 
where E G Fun(Ai? opp , k) is as in (fL24j) . 

Proof. As in [Kal, Lemma 1.10], (|1.24j) implies by devissage that it suffices 
to prove that 

H'(AR,f(M®E)) = 0, 

and by Lemma[IIH it suffices to prove that H'(A,j*h*(M(g)E)) = 0. This 
is dual to jKall Lemma 1.10]. □ 

By Corollary 11.121 (jl.24p induces a long exact sequence of cohomology 

H'(AR°pp,M) ► H'(ARJ*M) > 

► i7'- 1 (Ai?°PP,M(g)deg*Z(l)) > 

for any M G Fun(AR°PP, Z). 

Proposition 1.13. Assume given a functor M G Fun(AR opp , Z), and as- 
sume further that M is profinitely complete. Then the natural map 

H'(AR opp ,M) -> H'(ARj*M) 

is an isomorphism. 

Proof. By the projection formula, we have 

H'(AR opp ,M ® deg*Z(l)) ^ ff" ([1/N*], Z(l) ® R' deg, M), 

and by (|1.27p . we have to prove that this is tautologically 0. Since R' deg^ 
commutes with profinite completion, it suffices to prove the following. 

Lemma 1.14. For any profinitely complete M G Fun([l/N*], Z), we have 

fl"([l/N*],M ®Z(1)) = 0. 

Proof. Every profinitely complete abelian group M decomposes as 

M = JjMp, 

p 

where the product is over all primes p, and M p is pro-p complete. Therefore 
we may assume that M is pro-pcomplete for some prime p. Decompose the 
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monoid N* into the product f = Nx ^{ P }> wnere N p C N consists of all 
positive integers prime to p, and N C N* is the monoid of all power p n , 
n > 0. Then by the Kiinneth formula, it suffices to prove that 

iT([l/N],Z(l) ® M) = 0. 

But for any M' € Fun([l/N], Z), H'([1/N],M') can obviously be computed 
by the two-term complex 

M' M', 

where t : M' — > M' is the action of the generator 1 G N. In our case 
M' = M (£> Z(l), M' is pro-p complete, and t is divisible by p. Therefore 
id — t is invertible. □ 



2 Cyclic Mackey functors. 

2.1 The quotient category description. Consider the wreath product 
AZ I r of the enhanced cyclic category AZ with the category T of finite sets; 
explicitly, AZ?r can be identified with the full subcategory in Fun(A opp , Sets) 
spanned by finite disjoint unions of objects [n\m\ G AZ C Fun(A opp , Sets) 
(in particular, we have a natural full embedding AZ C AZ I F). A map 



[J[n s |m s 

seS 



]J bv|m</] 
s'eS' 



between two such unions indexed by finite sets S, S' consists of a map 
f : S —> S' and a map f s : [n s \m s ] — >■ [nft s \\mfr s \] for any s £ S. Say that 
a map (/, {f s }) is vertical if f s is vertical for any s. Say that the map is 
horizontal if / is invertible, and / s is horizontal for any s. Then vertical 
and hozirontal maps obviously form a factorization system on AZ I T, and 
we have the following. 

Lemma 2.1. For any vertical map v : [a] —¥ [b] in AZ ! T and any map 
f : [b 1 ] — > [b], there exists a Cartesian square 

[a'} [b>] 



r 



[a] [b] 



with vertical v' . 
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Proof. Since vertical and horizontal maps form a factorization system on 
AXlT, we may assume that / is either horizontal or vertical. In the first case, 
the claim follows from Lemma 11.91 In the second case, it suffices to prove 
that the category (AZlT) v = AZ V \T has pullbacks. This folows from (|1.19p . 
since for every m, the category O^/mZ I F has pullbacks (it is equivalent to 
the category of finite sets equipped with an action of the group Z/mZ). □ 

Our definition of (derived) cyclic Mackey functors mimicks the defition 
of derived Mackey functors given in [Ka2, Section 3] (and more specifically, 
in Subsection 3.4). For any two objects c, d G AZ, we let Q ( AZ(c, d) be the 
category of diagrams 

(2-1) c * d 

in AZ I r with vertical v. Maps from a diagram c <— c\ — > d to a diagram 
c <— C2 — > d are given by such maps g = (g, {g s }} : c\ — > C2 that g commutes 
with / and with v, and each of the component maps g s is invertible. 

We obviously have Q ; AZ(c,c') = Q(AZ(c,c')) IT, where QAZ(c,d) C 
Q'AZ(c, d) is the subcategory of diagrams (|2.ip with c\ G AZ C AZ I V, 
and invertible maps between them. This identification gives the projection 
functor p c c > : Q l (c, d) — > T sending a diagram c c\ — > d to the finite set 
5 of components of the object c\ = \J se sl n s\ m s] ^ ^ I ^- We- let 

T c , d = p*TGFun(Q'(c,c , ),Z) 

be the functor from Q'(c, c') to the category of abelian groups obtained by 
pullback from the functor T G Fun(I\Z), T(S) = Z[S]. 

By Lemma 12. 1( for any c, c' , c" G AZ we have a natural functor 

m c,c',c" '■ Q l (c,d) x Q (c ,c") — > Q l {c,d') 

given by pullback. This operation is associative, so that we have a 2-category 
QAZ with the same objects as AZ, and with morphism categories Q l (—, —)■ 
Analogously to [Ka2l (3.7)], we have natural maps 

Hc,c',c" '■ T Cfi i KlT c / jC // m* c / c //T CjC //, 

and these maps are associative on triple products. Therefore by |Ka21 Sub- 
section 1.6], we have an ^oo-category B. with the same objects as AZ, with 
morphisms given by 

B.(c,d) = C.(Q l (c,d),T CiC ,), 
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the bar complex of the category Q l (c,c') with coefficients in the functor 
T CjC /, and with the compositions induced by the functors m cc i and the maps 

Mc,c',c"- 

For any abelian category Ab, consider the derived category T>(B° PP , Ab) 
of Aoo-functors from the opposite category B opp to the category of complexes 
of objects in Ab. By definition, the category AZ is embedded into the 2- 
category QAZ — the embedding functor q : AZ — > QAZ is identical on 
objects, and sends a morphism into a diagram (|2.ip with v = id. For any 
c, d £ AZ, the restriction q*T q ^ q ^ c i^ is the constant functor Z, so that by 
restriction, we obtain a natural functor 

(2.2) q* : V{B° PP , Ab) -»• D(AZ op ?\ Ab). 

Let /i : AZh — > AZ be the natural embedding; composing q* with h*, we 
obtain a restriction functor 

V(B opp ,Ab) -> V{AZ° h pp ,Ah). 

Definition 2.2. A cyclic Mackey functor with values in an abelian cate- 
gory Ab is an ^loo-functor M € T>(B° pp ,Ab) whose restriction h*q*M 6 
2?(AZ^ PP , Ab) is locally constant in the sense of Definition lA.il 

Cyclic Mackey functors form a full triangulated subcategory in the cat- 
egory V(B° pp ,Ab) which we will denote by VMA(Ab) C V(B° pp ,Ab). In 
fact, in this paper we will only need the case Ab = A;-mod, the category 
of modules over a commutative ring k; to simplify notation, we will denote 
PA4A(/c-mod) = VMA(k). 

By definition, for every positive integer m > 1, the embedding O^/mz — 
AZ™ C AZ of (fL19l) extends to a 2-functor 

(2.3) i m : Q l O z/mZ -+ QAZ, 

where Q'Oz/mZ is the 2-category of [Ka2l Subsection 3.4], and Q'Oz/mZ C 
Q l Oz/ m z is the full subcategory spanned by Z/mZ-orbits. This 2-functor is 
compatible with the coefficients T CjC / € Fun(Q ; (c, c'), Z), so it extends to an 
^oo-functor 

go z/mZ _^ B ^ 

where BP 7 -!™- 1 - is as in |Ka2l Subsection 3.5]. The category BP 7 -!™- 1 - is by 
definition self-dual; thus by restriction, for any commutative ring k we obtain 
a natural functor 

i* m : V{B opp , k) -> VM(Z/mZ, k), 



19 



where D7W(Z/mZ, k) is the category of derived Z/mZ-Mackey functors con- 
structed in |Ka2j . We also have the left-adjoint functor 

i m \ : VM(Z/mZ,k) -> V(B° PP , k). 

2.2 Geometric fixed points. Consider now the category AZ of Subsec- 
tion II. 41 This category AZ is also embedded into QAZ — the embedding 
functor q : AZ — > QAZ is identical on objects, and sends a diagram (|1.21|) 
to the corresponding diagram (|2.ip (we recall that diagrams (|1.21|) have no 
automorphisms, so there are no choices involved in this construction). As 
in the case of the functor q of (|2.2[) . the functor q is compatible with the 
coefficients T cc /, so that we have the restriction functor 



q* :V(B° pp ,k) ^V(AZ PP ,k). 

For any positive integer m > 1, the 2-functor i m restricts to the embedding 
Oz/mZ ~> AZ, so that we have a functorial isomorphism 



(2.4) im°9* = fo°C 

where is the restriction with respect to the 2-functor q m : O z / mZ — > 
Q l {Oz/mz) considered in |Ka2^ Subsection 5.3] (there denoted by q), 

Recall now that we have the decompositions (|1.19p . (|1.18p . and the iden- 
tification AZ h = AZ h = N* x A. Define a functor 

v : Fun(AZ opp , k) = Fun(AZ^, k) -> Fun(AZ° PP , k) 

— — opp 

by setting u(M)([n\m]) = M([n\m]) for any M G Fun(AZ ft ,k), [n\m] G 
AZ, with 

\M(voh), v invertible, 

(2.5) v(M)(voh) = { y h 

I 0, v not invertible, 

where / = v o h is the horizontal/ vertical factorization of a map / in AZ/j. 
It is easy to see that this is well-defined, and gives an exact functor v. By 
abuse of notation, we will denote by the same letter v its extension to the 

~— opp 

derived categories. We have a left-adjoint functor (p : Fun(AZ , A;) — > 
Fun(AZ^ pp , k), and its derived functor 

L'ip : V{AZ PP , k) V{AZ opp , k) 

is left-adjoint to v : V(AZ° h pp , k) -> V(AZ° PP , k). 
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Definition 2.3. The (geometric) fixed point functor 

$ : V(By, k) -> V{kZ opi \ k) 

is given by 

<J> = L'tp o g*. 

We note that by definition, the fixed points functor actually splits into 
components 

$ m : V{B° PP , k) -> P((AZ^) opp , jfe) 9* P(A opp , jfe) 

numbered by positive integers m > 1. We will need some compatibility 
results between 3> and geometric fixed point functors for derived Mackey 
functors constructed in Q\a2 . Namely, fix a positive integer rn > 1, and 
consider the embedding i m of (12. 3p and the corresponding restriction functor 
i* m . Let Oi/ m i be the category of Z/mZ-orbits and invertible maps between 
them, and define the functor 

u m : Fun(O z/mZ , k) -)• Fun(O z / mZ , fe) 

by the same formula (|2.5|) as the functor f (i/ m (M)(w) = M(v) for invertible 
u, and otherwise). Let ip m : Fun(O z / mZ , k) — > Fun(0^/ m ^, fc) be its left- 
adjoint functor, with the derived functor L'ip m . We then have an obvious 
isomorphism 

(2.6) i* m ou^u m oi* m . 

By adjunction, the isomorphisms (|2.4p and (|2.6p induce base change maps 

(2.7) i* m o L' tp ^ L' ip rn o i* m , i m] o q* m -> o i m! , 

where by abuse of notation, i m denotes both the 2- functor (12. 3h . and its 
restrictions 

— - opp — , — opp 

to g m (Oz/ m z) and q m (Oz/mz)- 

Lemma 2.4. For any positive integer m > 1, £/te frase change maps of (12. 7h 
are isomorphisms. 
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^ - — - opp - — - opp 

Proof. Let h : AZ h — >• AZ , h m : O^/mZ Oz/mZ be the tautological 
embeddings. Then we obviously have h* o u = id, h* m o z/^ = id, so that by 
adjunction, 

L"(/j o h\ = id, L'ip m o /i m i = id . 

On the other hand, we have the horizontal/vertical factorization system on 
AZ° PP =S AZ, and Lemma El yields 

im°h\ = h mX oi* m . 

Therefore the map 

i* m o L' ip o h\ — > L'ip m oi* m oh\ 
is an isomorphism, so that the first of the maps (j2.7|) becomes an isomor- 

- — opp ~~ 

phism after evaluating at any object E € D(AZ , k) of the form E = h\E , 

— — - opp ■-*" — opp 

E € T>(AJj h , Since the category P(AZ , k) is generated by objects of 
this form, the map i* m a — > L'ip m o ^ is itself an isomorphism. 

For the second of the maps (j2.7|) . let h! = q o h, h' m = q m ° h m . Then 
again, the horizontal/ vertical factorization system on AZ?T shows that every 
diagram (|2.ip decomposes as 

v vi h i 
C < Cl > C2 > C 

with vertical v, V\ and horizontal h, and this implies that 

l m ° ' l * = "m* l m' 



The proof is the same as in Lemma lA.4l except that in ()A.3|) , one replaces the 
Horn-sets AZ (—,—), JVL V (— ,— ) with the Horn-categories Q ; AZ(— ,— ), 
resp. Q\Ox/ m z)(~: ~ )■ Therefore the base change map 



is an isomorphism for any 2£ E D(AZ , /c) of the form E = h*E , E € 



- opp 



V(AZ h ,k). Objects of this form generate the derived category, so that 
i* m o q* = q* m = i* m ; by adjunction, this gives the claim. □ 

Corollary 2.5. For any M G D(B° PP , k) and any positive integers m,n > 
1, we have a natural isomorphism 

$ ro (M)([n]) = *(M)([n|m]) = ^/^/W^i^M, 
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where [(Z/nmZ)/(Z/mZ)] G O 

z/nmZ i- s understood as a Z / 'nmZ-orbit, and 
$ c , c G Oz/nmZ is the geometric fixed points functor of ]Ka2\ Subsection 
5.1]. Moreover, for any derived Mackey functor M G T>A4{7j/mn7j,k), we 
have a natural isomorphism 

(2.8) <MwM) = w,(d>[( z /" mZ )/( z / m ^M). 

Proof. Immediately follows from Lemma 12, 41 and [Ka2, Proposition 6.5]. □ 



2.3 Coalgebra description. We will now adapt the constructions of 
[Ka2[ Section 6] and use the fixed point functor <3? to obtain another de- 
scription of the category T>MA{k) of cyclic Mackey functors. 

2.3.1 ^oo-coalgebra. Consider the cyclotomic category Ai? of Subsec- 
tion 11.21 with its vertical/horizontal factorization system. For any object 
[m] G Ai?, let [m]\AR be the category of objects [m'] G AR equipped with 
a map [m] — > [m'}. The factorization system on AR induces a factorization 
system on [m]\AR for any [m]. 

Lemma 2.6. For any vertical map v : [a] — > [b] in [m]\AR and any map 
f : \b'} — > [b], there exists a Cartesian square 



-> [b<] 



r 



>] -!U [6] 



wzf/i vertical v' . 



Proof. The same argument as in Lemma 12 . 1 1 shows that the wreath product 
category Ai? I T has fibered products. Therefore so does the slice category 
[m]\(Ai??r). It remains to notice that the embedding [m]\AR — > [m]\(ARl 
r) has a left-adjoint (any S G AR I T is a disjoint union of objects in Ai?, 
and any map [m] — > S factors uniquely through one of these objects). □ 

Now, for any morphism / : [m'\ — > [m] in Ai? and for any integer n > 0, 
consider all diagrams 



(2.9) 



\m 



-> [mo 



in Ai? such m, < i < n is vertical, u n is not invertible, and / = v n o- ■ -ovoog. 
Let V n (f) be the groupoid of all such diagrams and isomorphisms between 
them. Since Ai? is small, V n (f) is small for any /, n. 
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Assume that / = f^ 1 ' a for some [m"] £ AR and some maps f^- 1 ' : 
[m"\ — > [m], f( 2 ^ : [to'] — > [m"]. Then for any / > 1 and any diagram a € 
V n (f) of the form (|2.9p . we can apply Lemma 12.61 and form a commutative 
diagram 



m 



to 



en 



(i) 



-)• m, 



> [m n ] — 2-> [m] 
>• [m ], 



f (i) 



r / 

► ml 



where /^ 2 ^ = v' n o ■ ■ ■ ov' o g' , and all the commutative squares are Cartesian 
squares in the category [m']\AR. For any i, < i < n, we have a natural 



vertical map i/j = v' n o ■ ■ ■ o vt : [m • 



is an isomorphism, let be the diagram 



[to"]. Take the minimal % such that 



[ml — - — >■ [mf, 



-)■ . . . 



->■ to: 



i-lJ 



-)• TO 



"1 



in Vi(/^ 2 - ) ), and let be the diagram 



r //i ■' i 1 i r 
TO )■ TO j 



-> TO 



in p^-^/M). Then sending a to a^ 1 ** x gives a well-defined functor 

(2.10) V n (f) -> II W (1) ) x K-i(/ (2) ). 

0<i<n 

This construction is obviously associative: for any Z-tuple /i, • • • , // of com- 
posable maps in Ai2, we can compose the functors (|2.10p and obtain a functor 

(2.11) K(/io-o/,) xli^ II V m (h)x---xV ni (fi), 

niH \-ni=n 

where I\ is the l-th. groupoid of the monoidal category operad of Defini- 
tion \AjQ These functors are compatible with the natural operad structure 
on /. in the obvious sense. 

For any i, 1 < % < n, forgetting the object [to,] in a diagram ()2.9p gives 
a functor Si : V n (f) — > V n -\{f), and these functors satisfy the relations 
between simplicial face maps (not only up to an isomorphism, but on the 
nose). Therefore we can define a bicomplex T. s ,(f) by setting 



(2.12) 



ZM) = c.(v.(f),%), 
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the bar complex of the groupoid V. (/) with coefficients in the constant 
functor Z. One differential in the bicomplex (|2. 12j) comes from the bar 
complex, and the other one is given by d = d\ — d 2 + ■ ■ ■ ± d n , where di is 
the map induced by the functor <5j. The coproduct operations (|2.1ip strictly 
commute with the functors <5j, so that we have canonical operations 

c.(i,,z) ® T.(h o ■ ■ ■ o /,) r(/i) ® • • • ® 7:(/„), 

again compatible with the asymmetric operad structure on C. (I. , Z). Fix- 
ing a map AsSoo — > C. (/. ,Z), as in the Appendix, we equip the collection 
T.(-) with a structure of a Ai?-graded ^oo-coalgebra in the sense of [Ka2, 
Subsection 1.5.4]. 

For future use, we record right away some elementary properties of the 
Aii-graded ^oo-coalgebra T.. 

Lemma 2.7. (i) The A^-coalgebra T. is augmented, and for any hori- 
zontal map f , we have 7~i(f) = for I > 1. 

(ii) For any composable maps f\, fi such that f\ is horizontal, the coprod- 
uct map 

h:T.(f 2 oh)^T.(h)®T.(f2) = T.(h) 

is an isomorphism. 

(hi) Assume given an n-tuple fi,...,f n of composable maps in AR, and 
assume that fi is horizontal for i > 2, and n > 3. Then the corre- 
sponding Aqo- operation 

bn ■ T.(fn o fi) -> T.tfi) ®---®T.(fn)= T.tfn) 
is equal to 0. 

Proof, (i) is obvious: for any /, Vo(f) is by definition a single point, and if 
/ is horizontal, Vi(f) is empty for any I > 1. To see (ii), note that since /i 
is horizontal, the only non-trivial term in the coproduct (]2.10p is a map 

(2.13) Vi(f 3 o h) Vi{f 2 ) x V (h) = Vi(f 2 ), 

and sending a diagram a G V^(/2) of the form (j2.9j) to the diagram 

r n 9°h . r I "0 . . r l . r l 

[m J >■ [mo\ > . . . > [m n \ > [m\ 

defines a map V n {f2) — > V n (f2 ° fi) which is strictly inverse to f|2. 13|) . More- 
over, this inverse map construction is obviously strictly associative, so that 
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for any n-tuple /i, . . . , f n of composable maps with horizontal f2, ■ ■ ■ , fn and 
n > 3, we obtain a single map 

VK/n)^K(/n°"-°/l). 

Therefore the coproduct map (|2.10p is also strictly associative, so that the 
map (|2.1ip factors through the natural map /„ — > pt. This by definition 
means that the higher A^-operation b n vanishes, which proves (hi). □ 

Lemma 2.8. Let h : AR h = A -> AZ, i : AR V = O z ->■ AZ 6e i/ie 
tautological embeddings. Then h*T. is the trivial A-graded A^-coalgebra, 
h*T,(f) = Z /or any map / in A, while V^T. is isomorphic to the 0%-graded 
Aac-coalgebra of \KaS\ Subsection 6.3.3]. 

Proof. The first claim immediately follows from Lemma [2.71 For the second 
claim, note that if / is vertical, all the diagrams f|2.9[) consist of vertical 
maps, thus coincide with the diagrams used in |Ka2l Subsection 6.3.3]. □ 

2.3.2 The comparison theorem. Consider now the natural cobifration 
A : AZ — > AR of (11.170 . and let A* T. be the AZ-graded coalgebra obtained 
by pullback. For any ring k, consider the derived category Z?(AZ, X*T., k) of 
^oo-comodules over X*T.. By Lemma 12.81 the pullback h*X*T. with respect 
to the tautological embedding h : AZ/j — > AZ is the trivial AZ^-graded 
Aoo-coalgebra, so that we have a natural pullback functor 

h* :V(AZ,X*T.,k) ^V(AZ° h pp ,k). 

Let T>MAq-(k) C P(AZ, X*T., k) be the full subcategory spanned by objects 
M whose restriction h*M is locally constant in the sense of Definition lA.il 
We want to show that the category T>MAq-(k) is naturally equivalent to the 
category T>MA(k) of /c-mod-valued cyclic Mackey functors. 

To construct a comparison functor between these two categories, let 
VJ([n|m]), [n\m] £ AZ, / > be the groupoid of diagrams 

[ni|m,ij > ... > [ni\mi\ > [n\m\ 

in AZ with vertical vx, . . . , v n and non-invertible v n . Let o - / : V^([n|m]) — > AZ 
be the functor which sends such a diagram to [ni|mi] € AZ, or to [n\m] is 
1 = 0. For any ^loo-functor E. from £>. to the category of complexes of 
fe-modules, let $[ n l m l(£' - ) be the total complex of the triple complex 

C.(V.([n\m]),at?E.), 
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where two differentials are induced by the differentials in E. and in the 
bar complex, and the third one is as in [Ka2l Subsection 6.3.1]. Then the 
same construction as in [Ka2, Subsection 6.3.2] shows that the collection 
<&[n\ m ](E.) has a natural structure of an ^oo-comodule over A*Ti, so that we 
obtain a functor 

(2.14) $. : V(B° PP , k) -> 2?(AZ, \*T., k). 

Choose an integer m > 1, and consider the embedding i m : O^/mZ — 
AZ™ — > AZ for some m > 1. The composition \ o i m : 0%i mZ — > AR 
factors through the natural embedding O^/mZ C Oz = AJ£u — > Ai?. There- 
fore by Lemma [2T8l the O z / mZ -graded ^oo-coalgebra i* m \*T. is isomorphic to 
the ^oo-coalgebra of [Ka2. Subsection 6.3.3], and we have a natural pullback 
functor 

i* m : T>(AZ, X*T., k) -t VM(Z/mZ, k), 

where PA^(Z/mZ, k) is the category of k- valued derived Mackey functors 
of [Ka2] for the group Z/mZ. We have an obvious isomorphism 

(2.15) i* m oh*^h* m oi* m , 

where h m : Oz/mZ ~~ > Oz/ m z is the tautological embedding, and h* m : 
T>A4(Z/mZ,k) — > ~D(O z / mZ ,k) is the corresponding pullback functor. We 
note that by Ka2, Lemma 6.18], the functor h* m admits a right-adjoint func- 
tor h m *. Moreover, by construction, the comparison functor <!>. of (I2.14D re- 
stricts to the corresponding functor for O z j m i — that is, we have a canonical 
isomorphism 

(2.16) $HoC£^;o$., 

where on the left-hand side, $[ m ' is the functor of |Ka2} Theorem 6.17], 
for C = O z/mZ . 

Lemma 2.9. The functor h* : X>(AZ, X*T.,k) -> V(AZ opp ,k) admits a 
right- adjoint 

h* : D(AZ^ PP , k) ->• P(AZ, X*T.,k), 

and for every m > 1, the base change map i* m o h* — )■ h m * o i* m induced by 
(|2.15p is an isomorphism. 

Proof. Immediately follows from Lemma lA.61 and Lemma I A. 71 □ 
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Lemma 2.10. Assume given a triangulated subcategory T>' in the category 
D(AZ, X*T., k) which is closed with respects to arbitrary products and con- 
tains all the objects KM, M G D(AZ° PP , k). Then V = V(AZ, X*T.,k). 

Proof. For any integer n > 1, let h n : A = AZ^ C AZ/j be the embedding of 
the n-th component of the decomposition (|1.18p . For any M G 2?(AZ^ PP , k), 
let the support Supp(M) C N* be the set of all such n > 1 that h\M is 
non-zero for some I dividing n. For any M G 2?(AZ, \*T., k), let SuppM = 
Supp h*M. Note that for any two integers n,n' > 1, h* n , o h* o /i nj|< = 
unless n divides n' , and /i* o /i* o = id (by Lemma 12.91 we may check 
both statements after applying the functors i* m ^ m > 1, and then they 
immediately follow from [Ka2, Lemma 6.18]). Therefore in particular, for 
any n > 1 and any M € X>(AZ, X*T., k), we have 

Supp(h*h m h* n h*M) c Supp(M). 

Moreover, given an object M G D(AZ, A*7;, fe), let AfW be the cone of the 
adjunction map 

M -> K(h*M) m , 
where m is the smallest integer in Supp(M). Then 

Supp(Af [1] ) = Supp(Af) \ {m}. 

By induction, let = (Af^^ 1 ])! 1 ] for any n > 1. Then we have natural 

maps AfW — >■ M, and their cones M^l lie in P' and form an inverse system. 
We have a compatible system of maps r\ n : M — > M^- n \ n > 1. By induction, 
for every n > n' > 1, the transition map M^ n+1 ^ — >• Afl n l becomes an 
isomorphism after applying h*,h*, and so does the map Let 

M = holimM M , 

where holim is defined by the telescope construction, and let r/ : M — > M 
be the natural map. Then for every n > 1, the inverse system h^h*M^ n ^ 
stabilizes for n' > n, and h^h*(r]) is an isomorphism. Thus n itself is an 
isomorphism. But by construction, M lies in the category T>'. □ 

Lemma 2.11. The composition 

h*o$ m : V{B°P p , k) -> V{AZ° h pp , k) 
is isomorphic to the fixed points functor <I> of Definition \2.3l 
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Proof. By construction, h*$>. (E) for any E € T>(B° PP , k) only depends on the 

opp 

restriction q*E € £>(AZ , A;) — the construction of the functor <J>. also gives 
a functor p. : £>(AZ , k) -> £>(AZ° PP , k), and we have /i*o$. ^ 99. og*. For 
an object E 1 £ Fun(AZ , k), the degree-0 homology of the complex tp.(E) 
is easily seen to be isomorphic to <p{E), and this isomorphism is functorial 
in E. Thus by the universal property of the derived functor, it extends to a 
map 

e : if. — > Uip, 

We have to prove that e : <f>.{E) — > L'(p(E) is an isomorphism for any 
E G V(AZ PP ,k) of the form £ = £" € V{B°PP,k). To do this, it 

suffices to prove that 

4(e) :4o/i*o$.^ ?m o$ 

is an isomorphism for any m > 1. By f|2. 16|) and (|2.15p . the left-hand side 
is isomorphic to /i^ o $M oij^, and by |Ka2[ Lemma 6.15], h* m o $l m l is iso- 
morphic to the direct sum of the functors $P/ nmZ )/( z / mZ )] Q f Corollary [231 
To finish the proof, it suffices to invoke Corollary 12.51 □ 

Proposition 2.12. The functor . of (I2.14p is an equivalence of categories, 
and it identifies VMK(k) C V(B°pp, k) with VMA T C D(AZ, X*T.,k) 

Proof. As in Lemma IA.61 let P' C £>(AZ, A*7^, fc) be the subcategory of 
objects M in the category D(AZ, \*T., k) such that the functor 

Hom($.(-),M) 

from T>(B° PP , k) to T>(k) is represent able. The geometric fixed points functor 
of Subsection obviously has a right-adjoint. Therefore by Lemma l2.11|, T>' 
satisfies all the assumptions of Lemma 12.101 Thus T>' is the whole category 
X>(AZ, X*T.,k), and 3>. admits a right-adjoint functor 

$7 X : P(AZ, A*7:, k) -»• £>(.B opp , jfe). 

By Lemma l2.11( the composition ^j" 1 o /i* is right-adjoint to the geometric 
fixed points functor <I> of Definition 12.31 Moreover, for every m > 1, the 
functor t&[ m ] of fj2. 16f) is an equivalence of categories by |Ka2[ Theorem 
6.17]. Let be the inverse equivalence. Then by Corollary 12.51 the base 
change map 

C K 1 o /i m * o 4, 
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being adjoint to the direct product of isomorphisms (|2.8p . is itself an iso- 
morphism. Then by Lemma 12.91 the base change map 

C(<j>: l (M))^d>- i (c(M)) 

is an isomorphism for any M £ D(AZ, X*Ti, k) of the form M = h*M', 
M' € T>{A!L opp , k), and by Lemma r2.10l this implies that it is an isomorphism 
for any M. Thus we have 

i* o$ or^^or'oi* i* o$ _1 o$ ^r^^^'of 

for any m > 1. Since $[ m ' and (I 5 ,^ 1 are mutually inverse equivalences of 
categories, this means that the adjunction maps Id — >• $ _1 o o — ^ 

Id become isomorphisms after restricting to AZ„. Since this restriction is 
obviously a conservative functor, we conclude that <3?. and <3> -1 are mutually 
inverse equivalences of categories. To prove that <3?. identifies DA4A(k) and 
VMA T (k), note that /i* o <£>. = /i*. □ 



2.4 Restriction and corestriction. We will now make some additional 
observations on cyclic Mackey functors for future use. First of all, recall 
that we have 2- functors q : AZ — > QAZ, q : AZ — > QAZ, and the agree on 
horizontal maps, qoh = qoh, so that we have an isomorphism h*oq* = h*oq* . 

Lemma 2.13. The base change map 

h\ o h* — > q* o q\ 

induced by the isomorphism h* o q* = h* oq* is itself an isomorphism. 

Proof. As in the proof of Lemma 12. 44 this follows by the same argument as 
in the proof of Lemma IA.4I □ 

In particular, this Lemma shows that we have natural identifications 

h* o$. og, ^ $og, L>og* og, L'<pah\ oh*, 

and since L' ip o h\ is adjoint to h* o v = Id, the right-hand side is just h* . In 
fact more is true: the composition 

$.o r V{AZ opp , k) -> D(AZ, \*T.,k) 

is naturally isomorphic to the corestriction functor £* with respect to the 
augmentation map of the augmented AZ-graded ^oo-coalgebra X*T. (to con- 
struct an isomorphism, resolve a functor E € Fun(AZ opp , k) by functors 
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of the form i m \E m , E m £ Fun(0^^ z , k) and apply \Ka2\ Lemma 6.20]). 
Therefore the corestriction functor £* has a right-adjoint functor given by 

= g* o : 2?(AZ, A*7:, fc) -> D(AZ opp , fc). 

We also have 

(2.17) h* o ^ o ^* ^ h* o q* o q { ^h* oq* o q { ^h* ohi o h* . 

To compute the right-hand side more effectively, it is useful to consider the 
category AI = AI of Lemma 11.51 Consider also the product AI x N* , and 
define the projections i, vr : AI x N* -> AZ^ P AZ h = A x N* by 

(2.18) i = i x id, 7r = -k x p m on A m x N* C AI x N*, 

where p m : N* — >• N* is the map given by multiplication by the integer 
m > 1. 

Lemma 2.14. VFe /iave a natural isomorphism 

h* oh\ = tv\ o i*. 

Proof. Under the identification AZ = AZ, /i goes to the tautological 
embedding h : AZ^ — > AZ. Let AI be the category of vertical maps v : a — > 
a' in AZ, with maps between them given by commutative squares 

Ol > 02 

' L > ' 

a 1 > a 2 

with horizontal / (and arbitrary /'). Let s : AI — > AZ^, t : AI — > AZ be the 
functors sending a map to its source resp. target. Then t is a cofibration, 
and s has a left adjoint t : AZ^ — > AI sending a 6 AZ to its identity map. 
Then h = t o l, so that 

h\ = t\ OL\ = t\ O S*. 

It remains to notice that we have a natural Cartesian square 

AIxN* — AT 

TT i 

LZ ft — ^ AZ, 

so that h* o t\ = tt\ o /i* by base change, and we have s oh = i. □ 
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3 Cyclotomic complexes. 



We can now introduce the main subject of the paper, a cyclotomic complex. 
Fix a commutative ring k. Consider the cyclotomic category AR and the 
Aii-graded Aoo-coalgebra T. of Subsection 12.31 Let^ : AR — > AR be the 
cofibration of (|1.17p . and let h : AR^ = Ax/4 AR be the natural em- 
bedding. By Lemma 12.71 the restriction h*X*T. is the trivial Aii^-graded 
Aoo-coalgebra, h*X*T.(f) = Z for any map / in ARh, so that we have a 
restriction functor 

h* : V(AR,X*T.,k) -> V(AR h ,k). 

Definition 3.1. A cyclotomic complex over k is an ^oo-comodule M, over 
X*T. with values in the category fc-mod such that h*M. G / D(ARf l ,k) is 
locally constant in the sense of Definition I A. It 

The derived category of cyclotomic complexes over k will be denoted 
denoted by VAR(k). 

3.1 Normalized Aii-graded coalgebras. Definition ^. H is short enough, 
but it is only as explicit and amenable to computations as the vloo-coalgebra 
T. (that is, not particularly). In this Section, we will provide more explicit 
descriptions of the categories XAR(fc). In the process of doing so, we will also 
obtain a more convenient description of the categories T>AAA(k) of Section [2j 
We start with the following reduction similar to [Ka2, Subsection 7.5,7.6]. 

Definition 3.2. Assume given a finite group G. A complex E, of 7L\G\- 
modules is strongly acyclic with respect to G if for any subgroup H C G, 
H ^ G, and any Z[ii]-module V we have 

MmH'(H,V ® F n E.) = 0, 

n 
— > 

where F' E. is the stupid filtration on the complex E. . A map / : E. — > E[ 
between Z[G]-modules is a strong quasiisomorphism with respect to G if its 
cone is strongly acyclic. 

Definition 3.3. A Aii-graded Aoo-coalgebra 1Z. is called normalized if has 
the properties (i)-(iii) of Lemma 12.71 

In particular, the coalgebra T. is normalized (by Lemma l2.7p . For any 
normalized Aii-graded ^oo-colagebra 7Z. and any map / : [m] [m'] is the 
category Aii, the complex TZ.(f) is equipped, by definition, with an action 
of the cyclic group Aut([m]). 
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Definition 3.4. An ^^-map £ : 1Z. — > 7Z[ between normalized Ai?-graded 
j4oo-coalgebras is a strong quasiisomorphism if for any map / : [m] — > [m 1 ], 
the corresponding map £ : TZ.(f) — > 7Z[(f) is a strong quasiisomorphism 
with respect to the subgroup Aut(/) C Aut([m]) consisting of such g € 
Aut([m]) that / og = f. 

Proposition 3.5. For any strong A^- quasiisomorphism £ : 7Z, 1Z[ be- 
tween normalized AR-graded A^-coalgebras and any commutative ring k, 
the corestriction functors 

C :V{AR, X*TZ. , k) ->■ V(AR, X*1Z[ , k) , 
C :X>(AZ, X*1Z. , k) -> P(AZ, X*1Z[ , k) 

between the derived categories of A^-comodules is an equivalence of cate- 
gories. 

Proof. Both Lemma [2.9l and Lemma [2.10l hold for any normalized Ai?-graded 
j4oo-coalgebra instead of T., with the same proof. Moreover, they also hold 
for AR instead of A7L (again with the same proof). Thus as in the proof of 
Proposition 12.12] the functors £* admits a right-adjoint functors 

:V(AR,X*TZ[,k) -> V(AR,X*7Z.,k), 
& :V(AZ, X*1Z[,k) -+V(AZ,\*TZ.,k). 

Moreover, for any integer m > 1, we have a natural embedding i m : O^/mZ — 
AR™ AR and the corresponding restriction functors 

C :V(AR,X*n.,k) -+V(O z/mZ ,i* m X*lZ.,k), 
C :V(AllJ*n[,k)^V(O z/mZ ,i* m X*TZ[,k). 

For AZ, these functors were already considered in Section [2j For either AZ 
or AR, we have an obvious isomorphism ^oi^ = o £*, where £ m = 
z m(£)> an< ^ the corresponding base change map i* m o — > £ m * o ^ is also an 
isomorphism, as in Lemma 12.91 Thus it suffices to prove that for every m, 
and £ m * are mutually inverse equivalences of categories. This is [Ka2, 
Lemma 7.14]. □ 

3.2 Reduced AZ?-graded coalgebras. The first corollary of Proposi- 
tion [33] is analogous to the reduction done in |Ka2} Subsection 7.5]. 
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Definition 3.6. A normalized A-R-graded Aoo-coalgebra TZ. is called re- 
duced if for any map / in AR of degree n > 1, TZ(f) = unless n is prime. 
For a normalized A/2-graded ^oo-coalgebra R. , its reduction TZ r . ed is denned 
by setting 



with the Aoo-operations being the same as in TZ. when it makes sense, and 
otherwise. 

For any normalized Ai?-graded ^oo-coalgebra TZ., we obviously have a 
canonical map TZ[ ed —> TZ. . 

Lemma 3.7. For any normalized AR-graded A^-coalgebra TZ., the canon- 
ical map TZ^ ed — > TZ. induces equivalences of categories 

V(AR,X*TZ r m ed ,k) ^V(AR,X*7Z.,k), V(AZ,X*7Z r m ed ,k) = £>(AZ, X*TZ.,k). 

Proof. By \K.&2\ Lemma 7.15 (ii)], the map TZ\ ed — > TZ. is a strong quasi- 
isomorphism in the sense of Definition 13. 4} the claim then follows from 
Proposition 13.51 □ 

We now observe that a reduced Ai?-graded Aoo-coalgebra is essentially a 
linear object: all the potentially non-linear comultiplication maps are be 
definition. To make this precise, let 



where AI is as in (11.2p . 

Definition 3.8. An ^^-functor from a small category C to some abelian 
category Ab is normalized if for any n-tuple f\, . . . , f n of composable invert- 
ible maps /i, . . . , f n in C, n > 3, the corresponding operation b n is equal 



Lemma 3.9. The category of reduced normalized AR-graded A^-coalgeb- 
ras and A^-maps between them is equivalent to the category of normalized 
A^-functors from Al"^ to Z-mod and A^-maps between them. 




if the degree of / is 1 or a prime number, 
otherwise, 



II A p c A/ 



p prime 



to 0. 
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Proof. Assume given a reduced normalized Aii-graded ^oo-coalgebra 7Z.. 
For any object [m] € Ai? we have the slice category ARf l /\rn\ of horizontal 
maps / : [n] — > [m], [n] £ AR. Since 1Z. is normalized, for any map g : 
[m] — >• [m!] we can define a functor TIP from (ARf l /[m]) opp to complexes of 
abelian groups by setting 

K 9 .(f)=K.(gof). 
This functor is constant (all transition maps are isomorphisms). Let 

P.(a)=limft?(/), 

where the limit is taken over the category (ARh / [m]) opp . Moreover, any 
horizontal map h : [m] — > [m'] induces a functor Ai?/j/[m] — > AiJ^/fm'], 
/ i— >■ h o /; for any map g : [m'] — > [m"], restriction with respect to this 
functors gives a natural map 

h* :P.(g)^P.(goh), 

and this is associative in the obvious sense. 

Recall that we have the equivalence (jl.lOp . and restrict it to AI rec [ C AI. 
For every object a € AI re d, let 

P.(a) = PMa))- 

Then P.(-) has a natural structure of a normalized ^oo-functor from AI°^ 
to complexes of abelian groups: for every n-tuple 

i p (ao) - > ipifli) h > ... — > i p (a n ) 



I'D 



TTp(ao) ~ > 7Tp(ai) /2 > ... /n > 7T p (a n ) 



of maps of the form (jL9J) , the j4oo operation 

P. (an) ->P.(a ) 
is the composition of the map 

(/n o ••• o : P.(a„) P.(u n o /„ o • • • o /i) = P.(/; o • • • o /( o Uo ) 
and the map 

P.(&o...of[ov )^P.(v )=P.(a ) 
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induced by ^loo-operation on 1Z. . 

Conversely, assume given a normalized Aoo-functor P. from AI°-jS to 
complexes of abelian groups. For any map / : [m] — > [n] of prime degree in 
AR, let C(f) be the category of diagrams 

[m] — - — > [m 1 ] — - — > [n] 

with vertical v, horizontal h, and / = voh. Then sending such a diagram to 
P.iy) gives a functor P, (/) from C(f) to complexes of abelian groups, and 
we set 

TZ.(f)=\iraP.(f), 

where the limit is taken over Cf. We leave it to the reader to check that 
the j4oo-functor structure on P. induces a reduced normalized ^oo-coalgebra 
structure on TZ.(-), and that both constructions are mutually inverse. □ 

Now we can make our final reduction. Say that a normalized ^oo-functor 
M. from AJ^/j to Z-mod is admissible if for any object [a] € A p C AI rec i, we 
have 

'0, i<0, 



Mi([o]) 



Z, i = 0, 



and Mj ([a]) is a free Z[Z/pZ] -module for i > 1. We will say that a reduced 
normalized Ai?-graded Aoo-coalgebra 1Z. is admissible if so is the Aoo functor 
E. corresponding to 1Z. under the equivalence of Lemma l3Ul Note that the 
^oo-coalgebra T. is admissible by [Ka2} Proposition 7.8]. 

Lemma 3.10. For any two admissible reduced normalized AR-graded t4oo- 
coalgebras 1Z., 7Z' m , and ring k, we have canonical equivalences 

V(AR, \*K[ , k) V(AR, \*K. , k) , 
V(AZ,\*K[,k) ^V(AZ, \*K.,k). 

Proof. Choose a projective resolution P. of the constant functor Z € 
Fun(A/°^, Z), and let Pq = Z, Pi = P%-\ for i > 1. Then P. is an admissi- 
ble normalized ^loo-functor from AI°^j to Z-mod, and P. is /i-projective by 
Lemma lA.51 Therefore for any other admissible normalized ^oo-functor P[, 
we have an ^oo-map 

i:P.^ P[. 

Moreover, for every [m] G A p C AI rec i, the map £([m]) is a strong quasi- 
isomorphism with respect to Z/pZ C Aut([m]). Let P[ be the ^oo-functor 
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corresponding to the ^oo-coalgebra R. , and let 1Z. be the vloo-coalgebra 
corresponding to the ^loo-functor P. . Then £ induces a map 

and this map is a strong quasiisomorphism in the sense of Definition 13,41 
Therefore by Proposition I3.5( the corestriction functors corresponding to 
A*£, resp. A*£ are equivalences of categories. Analogously for 1Z[. □ 



3.3 Comodules. Consider now the category ARh = A x I and the prod- 
ucts AI re( i x N* C AI re d x I. Define the functors 

i, it : AI red x I -> AR h 

by the same formula as in (|2.18p . Moreover, let r : AI re d x I — > AI re d be 
the tautological projection. 

Any complex P. of functors in Fun(A/Zj, Z) is in particular a normalized 
j4oo-functor from AI° P ^ to Z-mod. Fix such a complex P. so that it is 
admissible in the sense of Lemma [3.1UI For any commutative ring k, consider 

' opp 

the category of pairs (V. , tp) of complexes V. in Fun(AP fe , k) equipped with 
a map 

if : tt*V. ->• i*V. ®t*P.. 

Inverting quasiisomorphisms in this category, we obtain a triangulated cat- 
egory denoted by V(ARh, P. , k). Forgetting the map p gives a functor 

h* : V(AR h ,P.,k) ^V{AR^,k). 

Analogously, let Z?(AZ, P. ,k) be the category of pairs {V.,ip) of complexes 
V. in Fun(AZ^ pp , k) equipped with a map 

ip : tt*V. -> ®T*P„ 

with inverted quasiisomorphisms, where i and 7r are as in (I2.18D . Restricting 
from ARh to AZ^ gives a forgetful functor 

(3.1) v(AR h ,P.,k)^V(AZ h ,P.,k), 

and we have the restriction functor 

h* : V(AZ h ,P.,k) ^V{AZ° h pp ,k). 

Let 1Z. be the reduced normalized AP-graded ^oo-coalgebra corresponding 
to P. under the equivalence of Lemma 13.91 and consider the derived cate- 
gories V(AZ,\*K.,k), V(AR,\*K.,k). 



37 



Lemma 3.11. There exists a canonical equivalences of categories 

V(AZ h ,P.,k) ^V(AZ,\*H.,k), V(AR h , P.,k) = V(AR,X*TZ.,k) 
commuting with the restriction functors h* , resp. h* . . 

Proof. By Lemma [A. 51 we may modify the definition of the derived category 

• opp 

V(ARh, P., k) by replacing complexes in Fun(Ai? ft , k) with ^oo-comodules 

— — opp 

over the trivial AR h -graded ^oo-coalgebra, and analogously for AZ. Then 
the resulting category of complexes is tautologically equivalent the category 
of ^oo-comodules over \*1Z., resp. \*1Z., and the equivalence commutes 
with h* , resp. h* . In particular, it preserves quasiisomorphisms, hence 
descends to the derived categories. □ 

Let now V c (ARh, P.,k) C T>(ARh, P. , k) be the full subcategory spanned 

- — ■ — - - — ■ — -Qyjr} 

by such M G V(AR h ,P.,k) that h*M G T>(AR h ,k) is locally constant in 
the sense of Definition |AJ] and let T> c (AZ h , P.,k) C V(AZ h , P.,k) be the 
full subcategory spanned by M G V(AZh, P.,k) with locally constant h*M. 
Then combining Lemma 13 . 1 1 1 with Lemma 13.71 and Lemma 13.101 we obtain 
the following effective description of the categories T>A4A(k), T>AR(k) of k- 
vallued cyclic Mackey functors and fc-valued cyclotomic complexes. 

Proposition 3.12. For any admissible complex P. of functors from AI Te d 
to Z-mod, there exist canonical equivalences 

VMA(k) = V c (AZ h , P.,k), VAR(k) = V c (AR h , P. , k) 

of triangulated categories. □ 

Moreover, restricting from Ai? to AZ as in (|3.ip . we obtain restriction 
functors 

h* : V(AR PP , k) ->• V(AZ opp , k), h* : V(AR h , P.,k) V(AZ opp , k). 

- — —-orm - — — odd ' — — - — — 

Let V w (AR h ,k) C V(AR h ,k), V w (AR h , P.,k) C V(AR h ,P.,k) be the 
full subcategories spanned by such M that h*M G T>(AZ opp , k) is locally 
constant. 

Proposition 3.13. (i) The restriction functor h* has a right-adjoint 

~K : V(AR h PP ,k) V{AR h ,P., k), 

■■ opp opp 

and it sends the subcategory V w (AR h , k) C T>(AR h , k) into the sub- 
category V w (AR h , P.,k) C v(AR h , P.,k). 
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(ii) Assume given a triangulated subcategory V' C T> w (ARf l ,P.,k) which 
is closed with respects to arbitrary products and contains all the objects 
KM, M € V{AZ°v p , k). Then V = V w (AR h , P„k). 

Proof. On the level of categories of complexes, the forgetful functor h* has 
an obvious adjoint given by 

h*V.=ir*(i*V.®T*P.), 

with the tautological map ip. Since every complex in Fun(Ai?^ pp , k) has an 
/i-injective replacement, this descends to the derived categories. 

Lemma 3.14. For any I > 0, let F l P. C P. be the l-term of the stupid 
filtration on P. (that is, (F l P.) m = P m for m < I, and otherwise). Then 

' — ■ — opp 

for every h-injective complex V. in Fun(Ai? fc , k), the natural map 

(3.2) n*(i*V.®T*P.) -> ImiR'-K^eV. ®t*F 1 P.) 

4 

is a quasiisomorphism. 
Proof. We obviously have 

i*V. ® t*P. \imi*V. ® t*F 1 P., 

i 

— > 

so that it suffices to prove that the map 

irS*y. ® t*F 1 P.) -)■ R'n*(i*V.®T*F l P.) 

is a quasiisomorphism for any / > 0. By induction, this reduces to proving 
that for any integers m, I > 0, n > 1, we have 

R n ir if (i*V m ®T*P l ) = 0. 

This can be checked after evaluating at any object a £ AR^; by base change, 
we have to show that 

H n (Z/pZ,i*V m (b) (8) Pi(r{b))) = 

for every b € A p x / C AI re d x I. But since V, is /i-injective, V.(c) is an 
/i-injective complex of Z[Aut(c)]-modules for any c £ Ai?/j, so that i*V^(6) 
is a free Z/pZ-module. Hence so is the product i*V^(6) <8> T*Pi(b). □ 
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Now, by Proposition 13,121 the category V(ARh, P. , k) does not depend 
on the choice of an admissible complex P.. Choose P. so that F l P. is 
quasiisomorphic to the shift Z[Z] of the constant functor Z € Fun(A/°^, k) 
for every even integer I > 0. Let W : AI rec i x N* — >• AZ/i be the restriction of 
the functor tt to A/ re d x N*. Then h* o iT^* = i?'!"* o /i* by base change, 
and 

R'^:V{KI^ d ,k)^V{M^,k) 
obviously sends V c (AI°^,k) into 2? C (AZ^ PP , k). Thus restricting to even I 

_____ - opp 

in the right-hand side of (|3.2|) . we see that for every V. G V w (AR h , fc), 

fc%V: ^limi2*7r.rv:[2Z] 

indeed lies in T> w {AR h ,k). This finishes the proof of (i). (ii) now follows 
by exactly the same argument as in Lemma 12.101 □ 



4 Equivariant homology. 

4.1 Generalities on equivariant homotopy. To fix notation, we start 
by recalling some general fact from equivariant stable homotopy theory. The 
standard reference here is [LM S] ; we mostly follow the exposition in [HMJ 
which contains in a concise form everything we will need. 

Let G be a compact Lie group. A G-CW complex A" is a pointed CW 
complex X equipped with a continuous fixed-point-preserving G-action such 
that for any g € G, the fixed-points subset X 9 C X is a subcomplex. Con- 
sider the category of pointed G-toplogical spaces and G-equivariant maps 
between them considered up to a G-equivariant homotopy, and let G-Top 
be the full subcategory spanned by spaces homotopy equivalent to G-CW 
complexes. We note that for every closed Lie subgroup H C G, sending X 
to the fixed points subset X H C X gives a well-defined functor 

G-Top -> W H -Top, 

where Wh = Ng/H, and Nh C G is the normalizer of the subgroup H. 

Given a finite-dimensional representation V of the group G over R, we 
will denote by S v the one-point compactification of V, with infinity being 
the fixed point. For any X € G-Top, we will denote Y. v X = X A S v , and 
we will denote by ilX X the space of based continuous maps from S v to X. 
The functors H v , Q v : G-Top — > G-Top are obviously adjoint. 
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A G-universe is an M- vector space U equipped with a continous linear G- 
action and a G-invariant positive-definite inner product. For any G-universe 
U, a G-prespectrum X indexed on U is a collection of G-CW complexes 
X(V), one for each finite-dimensional G-invariant subspace V C U, and 
G-equivariant continuous maps 

(4.1) x(v) ^n w x(v ®w), 

one for every pair of transversal mutually orthogonal finite-dimensional G- 
invariant subspaces V, W C U, subject to an obvious associativity condition. 
The category of G-spectra indexed on U and homotopy classes of maps 
between them will be denoted G-sp(U). 

A G-prespectrum is a spectrum if the maps f|4. 1[) are homeomorphisms. 
The category of G-spectra indexed on U and homotopy classes of maps 
between them will be denoted G-Sp(U). We have the tautological embedding 
G-Sp(U) — > G-sp(U), and it admits a left-adjoint spectrification functor L 
given by 

(4.2) Lt(V) = lim n w Z w X(V W), 

w 
— > 

where the limit is taken over all finite dimensional G-invariant subspaces 
W C U orthogonal to V. 

For any inclusion u : XJ\ C Ui of G-universes, we have an obvious restric- 
tion functor p^(u) : G-sp(C/2) — > G-sp(U\), called change of universe, and 
this functor has a left-adjoint p#(u) : G-sp(f7i) — > G-sp(£/2) given by 

p # (u)(t)(V) = X v -( yn ^h(u- 1 (V)), 

where V — (V nu(U\)) C V is the orthogonal to the intersection VC\u(U\) C 
V . The functor p*{u) sends spectra to spectra; the corresponding functor 
p#(u) : G-Sp(U 2 ) -> G-Sp(C/i) has a left-adjoint p # : G-Sp(t/i) -»• G-Sp(C/ 2 ) 
given by 

/9#(n) = Lp # (n), 

where L is the spectrification functor (|4.2p . 

In particular, spectra indexed on a trivial universe U = are just G- 
spaces, and the restriction G-Sp — > G-Top with respect to the embedding 
U is the forgetful functor sending a G-spectrum to its value at 0. Its 
right-adjoint is called the suspension spectrum functor and denoted S°° : 
G-Top -> G-Sp([/). Explicitly, = LS°°X, where G G-sp(C/) is 

given by 

s°°x(y) = tXx. 

Of the non-trivial G-universes, those of two particular types are important. 
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(i) U = M°° with the trivial G-action (where oo is assumed to be count- 
able). Then G-spectra indexed on U are called naive equivariant G- 
spectra; we denote the category G-Sp(U) by G-Sp naive . 

(ii) A G-universe is complete if every finite-dimensional representation V of 
the compact Lie group G appears in U a countable number of times. 
All complete G-universes are obviously isomorphic. A G-spectrum 
indexed on a complete G-universe U is known as a genuine equivariant 
G-spectrum; we will denote G-Sp(t7) simply by G-Sp. 

We note that both G-Sp name and G-Sp are triangulated categories, with 
shifts given X[n](W) = X(W © R n ). In addition, G-Sp has an autoequiv- 
alence Ty : G-Sp — > G-Sp for every finite-dimensional representation V, 
given by Ty X{W) = X(W © V) (to make this precise, one has to fix an 
isomorphism U © V = U, or U © W a = U in the naive case, and apply the 
change of universes functor). 

Assume given a closed Lie subgroup H C G. Then for any G-universe 
U, U is a Wjy-universe, complete if U was complete. For any G-spectrum 
X G G-Sp(C7), the Lewis-May fixed points spectrum X H G Wh-Sp(U h ) is 
given by 

X H (V) = X{V) H 

for any finite-dimensional V C U H C U. There is a second fixed points func- 
tor & H : G-Sp(f7) — ?> H-Sp{U H ) called the geometric fixed points functor. To 
define it, one chooses a finite-dimensional G-invariant subspace W(V) C U 
for every finite-dimensional ^//-invariant V C U H such that V = W(V) H 
and 

U ^(F) = C7, 
vcu H 

and sets 

(4.3) ^t(^) = t{W{V)) H 

for any i G G-sp(£7), and 

A = Lip H X 

for any G-spectrum A G G-Sp(U). Here depends of the choice of the 
subspaces W(V), but the spectrification & H does not (for a more invariant 
description of the functor Q H which make this explicit, see [HM, Lemma 
1.1]). For any X G G-Sp, there is a natural map 

X H -». $ H X, 
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and this map is functorial in X. 

For naive G-spectra, both fixed points functors obviously coincide. In 
the genuine case, let us fix a complete G-universe U. Then U G C U is 
isomorphic to M°°, so that G-Sp{U G ) is G-Sp nmve , and the inclusion u : 
U G — > U induces a pair of adjoint functors p*(u) : G-Sp — > G-Sp naive , 
p#(u) '■ G-Sp naive — )■ G-Sp. We then have commutative diagrams 



G-Top 
W H -Top 



-> G-Sp™ 
-> W H -Sp r ' 



G-Sp 
> W H -Sp 



and 



(4.4) 



G-Sp 

i-) H 
W H -Sp 

tG 



p*{u) 



i n i,vue P__^) 



G-Sp 

i-) H 
W H -Sp, 



where v! is the embedding U C U (and the M^-universe U is obviously 
complete) . 



4.2 Cyclic sets. From now on, we let G = S 1 = U(l), the unit circle. 
Then it is well-known that G-spaces are related to cyclic sets. Let us recall 
the relation (for details and references, see e.g. [L]). 

For any object [n] E A, let \[n] \ be its topological realization: the union 
of points numbered by vertices v G V([n]) and open intervals I e numbered 
by edges e G E([n\), with the natural topology making |[n]| into a circle. 
For any function a : E([n]) — > R such that a > 0, we can make |[n]| into a 
metric space |[n]|(a) by assigning length a(e) to the interval I e . Let R([n])° 
be the space of pairs (a, b) of a function a : E([n]) — > M, a > 0, and a 
metric-preserving monotonous continuous map b : | [n] | (a) — > S* 1 to the unit 
circle S 1 C §. Such a map 6 exists if and only if a\ + • • • + a n = 2ir, and the 
space of all such maps is non-canonically identified with S 1 , so that we have 
a non-canonical homeomorphism 

R([n])° = S 1 x T°_ 1; 

where for any m > 0, ~T° m C T m is the interior of the standard m-simplex 
T m . Embed R([n])° into a compact space R([n]) by allowing a to take zero 
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values (and degenerate metrics on |[n]|). We then have 

R(H) S 1 x T n _i. 

This decomposition is not canonical, but the space R([n]) itself is completely 
canonical, and by construction, it carries a continuos G-action. 

Moreover, for any map / : [n] — > [m] and a pair (a, b) € R([m]), let 

/(o)(e)= £ s(e% 

f(e')=e 

so that we have an obvious metric-preserving map | [«]!(/(«)) — > \[ m ]\( a )i 
and let f(b) be the composition of this map with b. This makes R into a 
contravariant functor from A to G-Top. Turn it into a covariant functor by 
applying the duality A opp = A. The result is a functor 

(4.5) R : A -> G-Top. 

By the standard Kan extension procedure, it extends uniquely to a colimit- 
preserving realization functor 

Real : A opp Sets -> G-Top 

such that Real oY = R, where Y : A — > A opp Sets is the Yoneda embedding. 
We also the right-adjoint functor 

5 : G-Top -> A opp Sets 

such that 

5(X)([n])=Maps G (R([n]),X), 

for any X € G-Top, where Maps G (— , — ) stands for the set of G-equivariant 
unbased maps. 

It is well known that for any A £ A opp Sets, the realization Real(A) 
is homeomorphic to the usual geometric realization of the simplicial set 
j*A G A opp Sets, and for any X € G-Top, the adjunction map 

Real(5(X)) -> X 

is a homotopy equivalence for every X £ G-Top (see [L I , or [Dri for a modern 
treatment). In particular, if for any set A we denote by ZL4] the free abelian 
group spanned by A, and apply this pointwise to S(X) : A — > Sets, then we 
have 

(4.6) H.(A°pp,Z[S(X)}) * H.(X hG ,Z), 
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where XhG ls the homotopy quotient of X by the G-action. 

However, for our applications the functors Z[S'(X)] G Fun(A opp ,Z) are 
incovenient because they are not locally constant in the sense of Defini- 
tion [AJ3 To remedy this, we note that the sets S(X)([n]) all carry a natural 
topology. 

Definition 4.1. For any X G G-Top, its chain complex C.(X) is a complex 
in Fun(A°PP,Z) given by 

C.(X)([n]) = C.(S(X)([n}),Z), 

where G. (— ,Z) is the normalized singular chain homology complex with 
coefficients in Z. 

Since all the maps R([n]) — > R([n']) are homotopy equivalences, C.(X), 
unlike Z[S*(X)], is locally constant in the sense of Definition IA.ll More 
explicitly, C. (X) is obtained as follows. We consider the functor R:AxA-> 
G-Top given by 

R([n] x [m]) = R([n]) x T m _ 1; 

where [to] G A is the totally ordered set with to elements. The functor R 
also extends to a pair of adjoint functors 

Reld : Fun(A opp x A opp , Sets) -> G-Top, 
S : G-Top -> Fun(A opp x A opp , Sets). 

to obtain C.{S{X)), we take Z[5(X)] G Fun(A opp x A opp ,Z), and apply 
the normalized chain complex construction fiberwise with respect to the 
projection r : A x A — > A. 

To explain the relation between Z[5(X)] and G. (X), let t m : A — > A x A 
be the embedding given by i([n]) = [n] x [to], for any to > 1. Then i\ is 
adjoint to r, so that for any A G Fun(A opp x A opp , Sets), we have a natural 
adjunction map 

(4.7) t*l\A -> A. 

Apply this to 5'(X) for some X G G-Top. By definition, we have i*S(X) = 
S(X); taking free abelian groups and apssing to normalized chain complexes, 
we obtain a natural map 

(4.8) Z[S(X)]^C.(X). 
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Lemma 4.2. Assme given A € Fun(A opp x A opp , Sets) such that for any 
map f : [m] — > [n] in A, the corresponding map 



induces a homotopy equivalence of geometric realizations. Then the map 

Real(tM) ^ R^al(rVA) -> ReaL(A) 
induced by (|4.7p is a homotopy equivalence. 
Proof. Let 

Real A : Fun(A opp x A opp , Sets) -> A opp -Top 

be the fiberwise geometric realization functor with respect to the projec- 
tion A x A — > A. Then the assumption on ^4 means that (14, 7ft becomes a 
homotopy equivalence already after applying RealA. □ 

For any X G G-Top, we have L^ n S(X) = 5(Maps(A m _i, -X")), so that 
S(X) automatically satisfies the conditions of Lemma 14.21 Thus in particu- 
lar, the natural map Real(5(X)) — > Real(5(X)) is a homotopy equivalence, 
and the map 

(4.9) H. (A, Z[S(X)]) -> H. (A, C. (X)) 

induced by (j4.8j) is an isomorphism. More generally, if we denote by C : 
P(A,Z) ->• £> C (A,Z) the left-adjoint functor to the embedding £> C (A,Z) C 
£>(A,Z), then C(Z[5(X)]) ^ C.(X). 

The complexes C. (X) are usually rather big. We will need smaller mod- 
els for the standard G-orbit spaces G/C n , where C n = Z/nZ C G is the 
group of ra-th roots of unity. To obtain such models, consider the functors 
j n : A — $ A^ pp of Subsection ll.lt with the natural C n -actions on them. 
Define functors J n : A opp x A opp — > Sets by setting 

(4.10) J n ([m] x [I]) = A(i n j n ([l}), [m])/C n , 
where C n acts through its action on j n . 

Lemma 4.3. For any n > 1, we have a natural homotopy equivalence 

Re^l(J n ) ^ G/C n . 
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Proof. By Lemma |4.2| it suffices to construct equivalences 

Real(4? J n ) = G/C n 

for any [I] £ A. By definition, we have 

i* J n - Y(j n ([l]))/C n = Y([nl])/C n , 

where Y([nZ]) C A opp Sets is the Yoneda image of [nl] £ A. Since Real is 
colimit-preserving, we have homeomorphisms 

Real(Y([nl))/C n ) Real(Y([n/]))/G n * R([nl])/C n , 

and R([nZ]) is indeed homotopy-equivalent to G. □ 

We will now introduce the fixed points subsets into the picture. By 
Lemma ll.81 the functor R of (|4.5p extends to a functor 

R = Real oY : AZ -> G-Top, 

so that we obtain an adjoint pair of functors 

Real : Fun(AZ opp , Sets) G-Top, S : G-Top -)• Fun(AZ opp , Sets). 

We keep the same notation because the functors are direct extensions of 
the functors Real and S of Subsection 14.21 In effect, the restriction functor 
A opp Sets -> Fun(AZ°w, Sets) admits a fully faithful left-adjoint 

L : A opp Sets Fun(AZ opp , Sets), 

and we have S = L o S, Real = RealoL. Explicitly, if we restrict L(A) to 
A ^ AZ™ C AZ, we have 

(4.11) L(A)\ AZ ™ = ir m J* m A, 

where the adjoint 7r„„ : Am P Sets — > A opp Sets to the pullback functor ir^ is 
obtained by taking Z/mZ-fixed points fiberwise, and the vertical maps in 
AZ act by natural inclusions of fixed points. 

As in Subsection 14.21 we extend the functors S and Real to the product 
category AZ x A. For any X E G-Top, we define its extended chain complex 
C.{X) of functors in Fun(AZ opp ,Z) by setting 

C.(X) = C.(S(X)) = N(Z[S(X)}), 
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where N is the normalized chain complex functor applied fiberwise to the 
projection AZx A — > AZ. Moreover, define the reduced chain complex C .(X) 
as 

C.(X)([n\m}) = C.(X)([n\m])/Z[o], 

where o G Mapsgi (R([m|n]), X) is the distinguished point. Then the stan- 
dard shuffle map induces a natural quasiisomorphism 

(4.12) C.(X)®C.(Y)^C.(XAY) 

for any 1,7 £ G-Top, where X A Y is the smash product, and the tensor 
product in the right-hand side is the pointwise tensor product in the category 
Fun(AZ°PP,Z). 

The reduced chain complex functor C .{—) easily extends to the category 
G-Sp name of naive G-equivariant spectra. Namely, for any X G G-Sp naive 
and integers i,j > 0, the transition maps (|4.ip induce by adjunction maps 

M(K®^) -> X(M.® i+ i), 

which give rise to maps 

(4.13) C.{X(M. m ))[-i] ^ G. (E i X(lR®- J )) -)■ G.(X(M ei+i )). 

Definition 4.4. The equivariant homology complex c™ ame {X) of a naive 
G-spectrum X € G-Sp na ™ e is given by 

r we (I) = limG.(X(M ei ))[i] G P(AZ opp ,Z), 
where the limit is taken with respect to the maps (I4.13p . 



4.3 Cyclic Mackey functors. To extend the equivariant homology com- 
plex of Definition 14.41 to genuine G-spectra, we need to pass to the category 
PAt\(Z) of cyclic Mackey functors of Section [2j We will use the model of 
Proposition I3.12| with an appropriately chosen complex P. . 

We begin with the following observation. For any n > 1, let P" be the 
complex in Fun(AZ opp ,Z) obtained as the cone of the natural augmentation 
map 

N{L{J n )) -> Z, 

where Z G Fun(AZ opp ,Z) is the constant functor, and J n : A opp x A°pp 
Sets is as in (|4.10p . We note that for any [m\l] G AZ, P_ n ([m|£]) is a finite- 
length complex of finitely generated free abelian groups. Now, let C(l) be 
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the standard complex representation of the group G = U (1), and let C(n) = 
C(l)® n . Treat C(n) as a 2-dimensional real representation by restriction of 
scalars, and denote 

£„ = £ C M : G-Top -> G-Top. 

Lemma 4.5. For any X £ G-Top, we /iaue a natural functorial quasiiso- 
morphism 

P>C.(I)^C.(S„I). 

Proof. We have 5 c ( n ) = £(G/G n ), the non-equivariant suspension of the 
standard orbit G/C n . The homotopy equivalence of Lemma FOl induces by 
adjunction a map 

J n S(G/C„), 

and this map induces a quasiisomorphism 

P n ->■ G.(S c(n) ). 

Combining this with (14.12D . we get the claim. □ 
Now let us fix a complete G-universe U, by taking 

(4.14) U = QC(n)°°, 

n>0 

where oo means the sum of a countable number of copies (this is complete, 
since C(—n) = C(n) as real representations). 

Say that a map v : N — > N is admissible if v{i) ^ for at most a finite 
number of i. For any admissible sequence u, let 

V(y) = 0C(i) ffi "( 1 ' C U, 

i 

and let 

= E V M = o • • • o (E^H 

l<l<n 

where i\ < ■ ■ ■ < i n are all integers such that ^ 0. Then Lemma 14.51 
immediately gives canonical quasiisomorphisms 

(4.15) P?®C.(X)^C.(p v (X)). 
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We will call the subspaces V(u) C U cellular; the collection of all cellular 
subspaces is obviously cofinal in the collection of all finite-dimensional G- 
invariant subspaces V C U. 

We are now ready to define our complex P. in Fun(A/°r?,Z). Note that 
for any m,l > 1, the natural C m -action on i* m J n ([l\) = J n ([ml]) factors 
through a free action of the quotient C m /(C m n C n ). Therefore for any 
vertical map v : a —> b in AZ, the corresponding map 

v : P?(b) -> P» 

is an isomorphism if deg(v) divides n, and the natural inclusion Z = ^(fe) — > 
-P n (a) otherwise. Moreover, for any prime p not dividing n, the restriction 

with respect to the functor i p : A p — > A = AZ^ C AZ is the constant functor 
Z in degree 0, while ipP^dm]) is a free Z/pZ-module for any [m] € A p and 
any i > 1. We now define a complex P. of functors in Fun(A/°gJ', Z) by 
setting 

P. = \imi* p P v m on A p C A/ red , 

where the limit with respect to the natural inclusions Z — > P™ is taken over 
all admissible sequences u such that v(pl) = 0, I 6 N. Then P. is admissible 
in the sense of Proposition I3.12| so that we have a canonical equivalence 

£>MA(Z) ^ V(AZ h ,P.,Z). 

Remark 4.6. To help the reader visualize the complex P., we note that on 
A p C AI re( i, it is essentially given by 

i;iimC.(S v ), 

1 V 

—> 

where the limit is taken over all cellular subspaces in U orthogonal to U Cp C 
U. The only difference is in that we use more economical simplicial models 
for the spheres. 

By definition, Pf for any n gives an object in the category D(AZh, P, , Z). 
The corresponding complex is 
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the restriction with respect to the embedding AZ^ — > AZ, and the map 
if : tr*h*P" — > i*h*P" is induced by the action of the vertical maps on P" u . 
Explicitly, denote by u p the map given by 



Vp{m) 



v(m), m = pi, I > 1, 
0, otherwise. 



Then we have = P" p <g> P." Vp , and the A p -component ip p of the map f 
is the product of an isomorphism 



ir*h*P? = i*h*P? 



and the natural inclusion 



Z Tr*h*P u ~ Up -> i*h*P u - Up . 

V V 

If we treat the complexes P™ up to a quasiisomorphism, then on AZ™ C AZ/j, 
the restriction /i*P™ is given by 

JZ[2], n = ml,l>l, 
IZ, otherwise. 

Let us now fix a projective resolution Q. of the constant functor Z € 
Fun(AZ^ pp , Z), and let us define a complex by setting 



q: 



Z[-2], n = ml,l>l, 
Z, otherwise 



on AZ™ C AZ/j. Then Q™®h*P™ is quasiisomorphic to the constant functor 
Z, and since Q. is projective, this can be realized by an actual quasiisomor- 
phism 

e n : Q. Q? (8) /^*P n . 
Moreover, for any admissible : N — > N and any m > 1, let 

c?(m, ^) = u(ml), 
l>i 

and let be a complex in Fun(AZ^ pp , Z) given by Q. [— 2d(m, v)\ on AZ m C 
AZ ft . Then taking tensor product of the maps e n , we obtain a system of 
quasiisomorphisms 

(4.16) e„ : Z ® /^P." 



51 



for all admissible v. For any prime p, we have a natural map 

e v „ Up :?r;Q»^i;(Q:®Pr i ' p ), 

and composing these maps with the natural embeddings i*P"~" p —¥ P, , we 
equip Q u m with a natural structure of an object in £>(AZ/j,P.,Z). 

We are now ready to define our equivariant homology functor. Assume 
given a prespectrum t € G-sp(U). For any two admissible v, v' : N — > N, we 
have a transition map 

vst(y(v))->t(v(u + i/)) 

adjoint to the map (|4.1|) . By (|4.15|) . these maps induce canonical maps 

P:' ®C.{t{V(v)))^C(V{v + v')). 

Let now £* : V(AZ°pp,Z) -> V(AZ, X*T.,Z) £S £>MA(Z) be the corestriction 
functor with respect to the augmentation map of the ^oo-coalgebra X*T.. 
Then these maps composed with the maps (|4.16p induce transition maps 

-►Qr^rc.cwi/ +✓))) 

Definition 4.7. The equivariant chain complex C.(X) € XIMA(Z) of a G- 
prespectrum t £ G-sp(U) is given by 

(4.18) C.(t) =limQ>r (!/))), 

V 

— > 

where the limit is taken over all the admissible maps ^ : N — )• N with respect 
to the transition maps (|4.17p . 

Lemma 4.8. For any t S G-sp(U) with specification Lt, the adjunction 
map t — > Lt induces an isomorphism 

C.(t)^C.(Lt). 

Proof. Since cellular subspaces are cofinal, in it suffices to take the limit 
over cellular subspaces in (|4.2p . Then substituting fj4.2|) into (|4.18|) . we see 
that C. (Lt) is given by 

limQ^CC.(n v ^-' / h{V{u'))), 

v<v' 

=> 

where the limit is taken over all pairs v < v' of admissible maps u, v' : N — > 
N. The subset of all pairs with v = u' is cofinal in this set, so it suffices to 
take the limit over such pairs. This is exactly C.(t). □ 
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Corollary 4.9. For any X € G-Top ; we have 



C.(£°°X) ^CC(X), 
and for any X £ G-Sp natve , we have 
(4.19) C.(p#(u)X)^C.(X), 

where p#(u) is the change- of -universe functor associated to the embedding 
M eoo = u g cUm 

Proof. By Lemma 14.81 we can replace S°° with S°° and p#(u) with p#(u). 
Then for t = T,°°X, all the transition maps in the filtered limit of (|4.18p 
are quasiisomorphisms, and for t = p#(u)X, the only possibly non-trivial 
transition maps are the those of (|4.13p . □ 

4.4 Cyclotomic complexes. Now for any rn > 1, let C m = Z/mZ C 

G = U(l) be the group of the m-th roots of unity. The m-power map gives 
an isomorphism p m : G/C m — > G, and we have p m o p n = p nm , m,n > 1. 
We have obvious canonical G-equivariant isomorphisms 

u m : U Cm * U, 

where U is the complete G- universe (|4.14p . and we have u m o u n — u nm , 
n,m > 1. 

Definition 4.10. For any X G G-Sp = G-Sp(U) and any m > 1 , the 

extended geometric fixed points spectrum <E> m (X) € G-Sp is given by 

$ m (X)=p # (u m )^(X), 

and the extended Lewis-May fixed points spectrum ^ m (X) G G-Sp is given 
by 

$ m (X)= P# (u m )X c ™. 

For any m > 1, let p m : I I be the multiplication my m, as in (|2,18p . 
It commutes with the N*-action, hence induces an endofunctor 

p m : AZ -> AZ 

commuting with the projection A : AZ — > AR. By (14.1ip . we have 

p^ m LA ^ Lyl^™ 
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for any A € A opp Sets. In particular, for every X G G-Top we have 

(4.20) p* m C.(X)^C.(X C ™), 

and by (|4.13p . these quasiisomorphisms induce quasiisomorphisms 

(4.21) ]? m C.{X)=C.{X C ™) 

for every naive G-spectrum X 6 G-Sp natve . We want to obtain a version 
of this for genuine G-spectra. Since A o p m = A, we tautologically have 
p*X*T. = X*T., so that we have a pullback functor 

p^ m : VMk{Z) -> VMHZ). 

Lemma 4.11. For any m > 1 and any X € G-Sp, we have a natural 
functorial isomorphism 

C.($ m (X))^p* m C.(X). 

Proof. For any map v : Z — >■ Z, let r{y) : Z — > Z be given by r{v)(ma + b) = 
v(a), a 6 Z, < < n. If ^ is admissible, then so is r(i/). 

By Lemma H21 we may replace & m with the functor ip m = p#(u m )otp Cm . 
Choose the subspaces W(V) C U so that W(V(u)) = V{r(y)) for any 
admissible v : Z — > Z. Then C,((p m X) is given by 

(4.22) limQ^ ®fC.(I(^(™)) Cm ), 

and since the sequences r[y) are cofinal in the set of all admissible sequences, 
p* m C.(X) is given by 

(4.23) Km? m (?M(?C.{X(y{Tv))). 
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By definition, the pullback functor commutes with corestriction, p^ o £ 

° Pm> an d we have the isomorphisms (|4.2Q[) . It remains to notice that by 
definition, we have 

plq: h = q: 

for any admissible v. □ 

We now consider the right-adjoint : VMk(7L) ->■ D(AZ opp ,Z) to the 
corestriction £*, as in Subsection 12.41 The isomorphism (|4.19|) than induces 
a base change map 

(4.24) C.(p*(u)(X))^^C.(X) 
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for any X € G-Sp. By virtue of ()4.21 j) and ()4.4p . we have a natural isomor- 
phism 

f? m C.{p*(u){X))^C.$> m {X)) 
for any genuine G-spectrum X € G-Sp and any m > 1. 

Lemma 4.12. T/ie 6ase change map (|4.24p is an isomorphism for any X € 
G-Sp, so £/ia£ 

C.($-(X))^^G.(X) 

/or any m > 1. 

Proof. It suffices to prove that the map (|4.24p becomes an isomorphism 
after evaluating at any object [n\m] G AZ. By (I4.4p and the definition of 
the equivariant homology complex G. (— ) of a naive G-spectrum, we have a 
natural quasiisomorphism 

C.(p#(u)(X))([n\m])^C.(X c -), 

where X Cm is treated as a non-equivariant spectrum, and G. (— ) in the 
right-hand side is obtained by applying the limit of Definition 14.41 to the 
usual non-equivariant reduced singular chain complex functor G.(— ,Z) (n 
is irrelevant since the chain complexes of Definition 14.11 are locally constant). 
Thus we have to prove that for any n, m > 1, the natural map 

G.(X C ™) -> (&C.(X))([n|m]) 

induced by (|4,24p is an isomorphism. 

On the other hand, by the definition of the functor G. : G-Sp — > 
VA4A(Z), we have an isomorphism 

S y o G. = G. o S F 

for any V = V{y) C J7, and the base change map 

G. o (S v ) -1 -> o G. 

is also an isomorphism. Therefore (I4.24P is an isomorphism for some X € 
G-Sp if and only if it is an isomorphism for TX X. Since every X € G-Sp is 
a filtered colimit of spectra of the form (S^ / ) _1 E°°y, Y G G-Top, it suffices 
to prove that (|4.24p is an isomorphism for suspension spectra £°°Y. By 
Corollary I4.9[ we have a quasiisomorphism 

G.(£°°Y) ^£*G.(r); 
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thus what we have to prove is that for any Y G G-Top and any [n\m] £ AZ, 
the natural map 

C.(^Yf-)^(U*C.(Y))([n\m}) 

induced by (I4.24|) is a quasiisomorphism. The right-hand side can be com- 
puted by (|2.17p and Lemma f2. 141 it is given by 

C.(Z/lZ,C.(Y)([nl\p}), 

l,p>X,lp=m 
where by definition, we have 

C.(Y)([nl\p])^C.(Y C *,Z), 

the reduced chain complex of the fixed-points set Y p . The desired isomor- 
phism then becomes the torn Dieck-Segal splitting |HMl Section 1]. □ 

We now return to topology, and recall the following fundamental notion 
(we again follow [HMJ, and refer to that paper for further information and 
references) . 

Definition 4.13. A cyclotomic structure on a genuine G-spectrum T € 
G-Sp is given by a collection of homotopy equivalences 

r m : $ m T = T, 

one for each integer m > 1, such that r% = id and r n or m = r nm for any two 
integer n,m > 1. 

Example 4.14. Assume given a pointed CW complex X, and let LX = 

Maps(S' 1 ,A") be its free loop space. Then for any finite subgroup C C S 1 , 
the isomorphism S 1 = S 1 /C induces a homeomorphism 

Maps(5 1 , X) c = Maps(5 1 /G, X) ^ Maps(5 1 , X), 

and these homeomorphism provide a canonical cyclotomic structure on the 
suspension spectrum S°°LX. 

Then by Lemma |4.11|, a cyclotomic structure {r m } on T induces a col- 
lection of quasiisomorphisms 

r m :p* m C.(T)^C.(T), m>\ 
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such that r m o r n = r nm . If we treat the equivariant chain complex C. (T) 
as an object (h*C,(T),(p) in the category D(AZ/j, P. ,Z), then the maps 

opp 

r m extend h*C.(T) to a complex in the category Fun(Ai? , Z), and this 
extension is compatible with the map (p. Therefore C. (T) canonically defines 
an object C. (T) in the derived category V(ARh, -P. , Z). By Propositon l3.12l 
this turns C. (T) into a cyclotomic complex. Thus we can finally justify our 
terminology by introducting the following definition. 

Definition 4.15. The cyclotomic complex C. (T) € PAR(Z) is called the 
equivariant chain complex of the cyclotomic spectrum T. 

5 Filtered Dieudonne modules. 

5.1 Definitions. We now want to compare cyclotomic complexes to a 
different and much simpler algebraic notion which appeared earlier in a 
different context - the notion of a filtered Dieudonne module. 

Definition 5.1. Let A: be a finite field of characteristic p, with it Frobenius 
map, and let W be its ring of Witt vectors, with its canonical lifting of the 
Frobenius map. A filtered Dieudonne module over TV is a finitely generated 
W- module M equipped with a decreasing filtration F'M, indexed by all 
integers, and a collection of Frobenius-semilinear maps tpi : F l M — > M, one 
for each integer i, such that 

(i) <-Pi\ F i+i M =Pf l+1 , and 

(ii) the map 

i 

is surjective. 

This definition was introduced by Fontaine and Lafaille |FL| as a p-adic 
analog of the notion of a Hodge structure. Under certain assumptions, the 
de Rham cohomology H' DR (X) of a smooth compact algebraic variety X/W 
has a natural filtered Dieudonne module structure, with F' being the Hodge 
filtration and the maps ip' induced by the Frobenius endomorphism of the 
special fiber Xk = X ®w k. 

The category of filtered Dieudonne modules is obviously additive, but 
there is more: just as for mixed Hodge structures, a small miracle happens, 
and the category is actually abelian. For this, the normalization condition 
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(ii) of Definition 15.11 plavs the crucial role. If one is prepared to work with 
non-abelian additive categories, this condition can be dropped. For the 
purposes of present paper, the following notion will be convenient. 

Definition 5.2. A generalized filtered Dieudonne module (gFDM for short) 
is an abelian group M equipped with 

(i) a decreasing filtration F'M, indexed by all integers and such that 
M = U F'M, and 

(ii) for each integer i, each positive integer j > 1, and each prime p, a map 
<fij : FM -> M/p>M, 

such that yfj+i = <Pij rnod p 7 , and <^ ■ = p</?f +1 j on F J+1 M C F t M. 

This differs from Definition 15.11 in that we no longer require the normal- 
ization condition (ii), we restrict our attention to prime fields rather than 
finite fields, and we collect together the structures for all primes. Note, 
however, that if M is finitely generated over Z p , then all other primes act 
on M by invertible maps, and the extra maps tp[ t for / ^ p are all 0. In 
effect, for every prime p and every integer i, we can collect all the maps 
into a single map 

: PM (M) p , 

where (M) p means the pro-p completion of the abelian group M. If M is 

finitely generated over Z p , we have (M) p = M and (M) l = for I ^ p. 

Complexes of gFDMs are defined in the obvious way. A map between 
such complexes is a quasiisomorphism if it induces a quasiisomorphism of 
the associated graded quotients gr F . Inverting such quasiisomorphisms, we 
obtain a triangulated "derived category of gFDMs" which we will denote by 
TVM. 

For every gFDM M and any integer i, we will denote by M{i) the same M 
with the filtration F' twisted by i — that is, we set F 3 M(i) = F 3 ~ l M. Under 
this convention, we introduce the folowing "twisted 2-periodic" version of 
the category FVA4. 

Definition 5.3. The triangulated category F"DA4 per is obtained by invert- 
ing quasiisomorphisms in the category of complexes of gFDMs M. equipped 
with an isomorphism M = M[2](l). 

We can now formulate the main result of this Section. 
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Theorem 5.4. There is a natural equivalence 

JVM ver = PAR(Z) 

between the twisted 2-periodic derived category of gFDMs, on one hand, and 
the derived category of cyclotomic complexes of abelian groups in the sense 
of Definition \3.1l on the other hand. 

We will prove this in Subsection 15.51 in the more precise form of Propo- 
sition 15.171 after finishing the necessary preliminaries. We start with some 
generalities on filtered objects. 

5.2 Filtered objects. By a filtered object in an abelian category Ab we 
will understand an object E € Ab equipped with a decreasing filtration 
F' numbered by all integeres. Maps and complexes of filtered objects are 
defined in the obvious way. 

Definition 5.5. A map / : E. — > E[ between two filetred complexes of 
objects in Ab is a filtered quasiisomorphism if the induced map 

/ : F^JF^E. -»• F i E'jF i+1 E[ 

is a quasiisomorphism for every integer i. 

Remark 5.6. We do not require that a filtered quuasiisomorphism induces 
a quasiisomorphism of the underlying complexes E, , E[ of objects in Ab, 
nor of the induvidual pieces F l E., F l E[ of the nitrations. 

The filtered derived category T)~F{Ab) is obtained by inverting filtered 
quasiisomorphisms in the category of filtered complexes and filtered maps. 
The periodic filtered derived category T>J rper '(Ab) is similarly obtained from 
the category of complexes of filtered objects V, in Ab equipped with an 
isomorphism 

u:V. = K- 2 (l), 

where V(l) means a twist of filtration. Explicitly, such a complex is given 
by the two filtered objects Vo, V\, and the two filtered maps 

df.Vi^Vo, d :V ^Vi(l)=V^ 

such that di o do = = do o d\; the other terms in the complex are then 
given by V2. = Vq, V2.+1 = V\ with the same differentials do, d\. 
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If Ab is the category of abelian groups, we obtain the periodic filtered 
derived category T>F per (Z) of filtered abelian groups. For any integer n, let 
Z(n) € T>J=~P er be the object V given by Vq = Z, v\ = 0, with the filtration 
F n V = V and F n+1 V = 0. Then the objects Z(n), n 6 Z generate the 
category T>F per (Z) in the following sense. 

Lemma 5.7. Any triangulated subcategory V C PJ-~ per (Z) closed under 
arbitrary sums and products and containing Z i/ie trivial filtration 

F°Z = Z, F X Z = is equal to the whole VF per (Z). 

Proof. Since T>' is closed under taking cones, it obviously contains any 
filtered complex (V.,F') with bounded filtration F' (that is, F l V, = 0, 
F 3 V. = V. for some integers i, j). Assume given an abritrary filtered com- 
plex (V.,F'). Then the natural maps 

( 51 ) V. i IimF -i V. > limlimF^V"./F j V. 

induce isomorphisms on gr^, thus become isomorphisms in T>F per (7j). Thus 
we may replace V. with the double limit in the right-hand side of (]5.ip . The 
direct limit can be computed by the telescope construction. Moreover, for 
any i, the inverse system F l V./F'V. satisfies the Mittag-Leffler condition, 
so that the inverse limit can also be computed by the telescope construction. 
Since V is closed under products and sums, it is also closed under telescopes, 
so that it must contain V.. □ 

We note that by (15. ip . we may represent any object in T>T ver (^L) by a 
filtered complex {V.,F') which is admissible in the following sense: both 
natural maps 

lim F^V. -)• V., V. -> lim V. / F l V. 

i i 

are isomorphisms of complexes. 

To work with filtered abelian groups, it is convenient to use Rees objects. 
Consider the algebra Z[t] of polynomials in one variable t. Say that a module 
M over Z[t] is t-adically complete if the natural map 

M -> lim M/fM 

i 
■Ir- 
lS an isomorphism (thus in our terminology, "complete" includes "sepa- 
rated"). We turn Z[t] into a graded ring by assigning degree —1 to the 
generator t. 
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Lemma 5.8. The filtered derived category T>F(7j) is equivalent to the full 
subcategory in the derived category of the abelian category of ^-graded Z[i]- 
modules M. spanned by t-adically complete modules. 

Proof. For any filtered abelian group (M,F'), the corresponding graded 
Z[i]-module M, called the Rees object of M. is given by 

M. = limF' M/F' +i M, 

with t induced by the natural embeddings F' M — >• F'~ l M. We note that 
M. is automatically t-adically complete, and a filtered quasiisomorphism of 
complexes of abelian groups induces a quasiisomorphism of Rees objects. 

To get the inverse correspondence, note that every graded Z[i]-module 
M, has a finite resolution by modules with no t-torsion, so that it is enough 
to consider graded modules M. with injective map t. Such a module M. is 
sent to 

M = limM., 

t 

with F l M C M being the image of the natural embedding Mi — > M for any 
integer i. □ 

The equivalence of Lemma [5 .81 has an obvious periodic version: the Rees 
object model of the category DJ- per (Z) is obtained by inverting quasiiso- 
morphisms in the category of pairs (M. t .,u) of a complex M. . of graded 
t-adically complete Z[t]-modules M. and an isomorphism 

(5.2) u : M. t . = M.+i,.- 2 . 

5.3 Cyclic expansion and subdivision. Now let Ab = Fun(A opp ,Z) be 
the category of cyclic abelian groups. Let Iq = j"Z, I\ = j^L be as in (jl.23|) . 
and let d% = B : I\ — > Io, do = bo o b\ : Iq — > I±, where bo, b\ and B are 
again as in (jl.23p . Then since (|1.23j) is exact, we have d\ o do = = do ° d\. 
Moreover, if we define nitrations F' on Iq and I\ by setting F°Ii = Ii, 
F l Ii = 0, I = 0, 1, then both do and d\ are filtered maps, so that we have a 
periodic filtered complex /. of objects in Fun(A opp ,Z). 

Definition 5.9. For any object in PJ rper (Z) represented by a periodic com- 
plex V. of admissible filtered abelian groups, its cyclic expansion Exp(V.) is 
a complex of cyclic abelian groups given by 

Exp(V.)=F°(V.<g) zN /.), 
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where u is the periodicity map on V. and I. , and F is taken with respect 
to the product filtration. 

In terms of the corresponding peridoc complex V. t . of Rees objects, cyclic 
expansion is given by 

(5.3) Exp(K)< = (Vb,. Ji)[l] 8 (Vb,. ® k), 

with the differential d = dy ® id+dj, where dy is the differential on Vb,., 
and is equal to id ®d± on the first summand, and to tu®do on the second 
one, where u : V.,. = V.+l,.-2 is as in (|5.2|) . In particular, for every object 
[n] G A, Exp(V.)([n]) is the sum of a finite number of copies of Vb,. and its 
shift Vb . [1]; therefore cyclic expansion commutes with arbitrary sums and 
arbitrary products. 

Lemma 5.10. Cyclic expansion induces an equivalence of categories 

Exp : VF per (Z)^V c {A opp ,Z) 

between DJ^ er (Z) and the full subcategory V c (A opp , Z) C V(A opp , Z) spanned 
by objects which are locally constant in the sense of Definition \A.l[ 

Proof. Since (fL23l) is exact, F 1 /. = J <0 is a resolution of the constant func- 
tor Z 6 Fun(A,Z). By induction, this immediately implies that for any peri- 
odic filtered complex V., the homology functors "H.(Exp(V.)) G Fun(A opp ,Z) 
are given by 

Hi(Exp(V.)) ^ (FVi/F 1 ^) ®Z. 

In particular, a filtered quasiisomorphism of periodic filtered complexes in- 
duces a quasiisomorphism of their cyclic expansions, so that Exp induces 
a well-defined triangulated functor from the category T>F per (Z) to the full 
subcategory D c (A opp ,Z) C P(A opp ,Z). Moreover, for any integer n, we have 

Exp(Z(n)) ^ Z[2n]. 

Since the fundamental group 7Ti(|A|) = tti(BU(1)) is trivial, every locally 
constant functor A opp — > Z-mod must be constant; therefore Z generates 
the triangulated category P c (A opp ,Z) in the same sense as in Lemma 15.71 
Since Exp commutes with arbitrary sums and arbitrary products, it therefore 
suffices to prove that Exp is fully faithful on the objects Z(n) - that is, the 
natural map 

Exp : RHom^jrper( Z )(Z(n),Z(m)) — > RHom^ Aopp z ^(Z[2n],Z[2m]) 
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is a quasiisomorphism for any two integers n, m. This immediately follows 
from the isomorphism H' (A opp , Z) = 7L\u\. □ 

Now assume given a positive integer n > 1, and let 5 n : Z[i] — > Z[t] 
be the map which sends t to nt. Since the the ideal (nt) C Z[i] lies inside 
(t) C Z[t], the direct image <5™M of a i-adically complete Z[i]-module M is 
automatically i-adically complete. 

Definition 5.11. For any positive integer n > 1 and a filtered abelian group 
M with the corresponding admissible Rees object M. as in Lemma 15.81 the 
n-th subdivision Div n (M) is the filtered abelian group corresponding to the 
graded abelian group <5™M. . 

In other words, M. remains the same as a graded abelian group, but the 
map t is replaced by its multiple nt. We note that the underlying filtered 
abelian group M itself might change under subdivision: for example, if 
M = Z(0) = Z, then 

Div n (M) <Q>, 

with the filtration given by F 1 Q = 0, F»Q = n*Z C Q for i < 0. 

For any n, Div n is obviously an endofunctor of the category of filtered 
abelian groups, and it descends to an endofunctor 

Div„ : PJ- per (Z) -> PJ- per (Z) 

of the periodic derived category T>T per '(Z). 

Fix an integer n > 1, and recall the two functors i„,7r n : A n — > A of 
Subsection 11.11 

Lemma 5.12. For any periodic complex V. of admissible filtered abelian 
groups, we have a functorial isomorphism 

7r n J* n Exp(V.) = Exp(Div„(K)). 

Proof. Let 1[ = 7r n *2*/;, d[ = 7r n #i*d;, Z = 0, 1. Applying the functor 7r n *i* 
to ()5.3p . we see that the complex 7r n> ,i* Exp(V.) is given by 

7r n J* n Exp(V.)< = (Fo,. ® /i)[l] © 8) Jo), 

with the differential d = dy ® id where is the differential on Vb,., and 
is equal to id <2)<J^ on the first summand, and to tu®d' on the second one. 
By (jl.25p , we have canonical isomorphisms Iq = Iq , I[ = Ii , and under these 
isomorphisms, we have = di and d' = ndo. Thus tu®d' Q = ntu®do, and 
7r n *i* Exp(V.) is exactly isomorphic to the expression (15. 3p for the complex 
Exp(Div„(K)). ' □ 
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5.4 Stabilization. For any filtered abelian group M with the correspond- 
ing admissible Rees object M, , we have a tautological map M —¥ M(l); 
applying the subdivision functor Div n , we obtain a natural map 

(5.4) Div n (M) -»■ Div n (M(l)). 

Definition 5.13. In the situation of Definition 15. Ill the stabilized n-th sub- 
division Stab n (M) is given by 

Stab n (M) = limDiv„(M(Z)), 

_^ 

where the limit is taken with respect to the tautological maps (|5.4p . 

Lemma 5.14. For any filtered abelian group M which is admissible in the 
sense of Subsection \5.2\ and any prime p > 2, we have 

Stab p (M) =s M p ® %p Q p , 

with the filtration given by 

F l M v = p l M p , 

where M p = lim ( M/p l M denotes the pro-p completion of the group M. 
Proof. On the level of Rees objects, 

M. = limDivp(M). 

is isomorphic to M in every degree I, Mi = M, with t £ Z[i] acting by 
multiplication by p. However, this is not t-adically complete. Thus when 
we apply the equivalence of Lemma 15.81 the result is 

lim M/t l M. ^ M p , 

as required. □ 

As a corollary, we see that the periodic derived category TT>]\A ver of 
generalized filtered Dieudonne modules of Subsection 15.11 is equivalent to 
the category of filtered periodic complexes V, of abelian groups equipped 
with a map 

<p p : V. -> Stabp(V.) 

for any prime p > 2. 



64 



Now let I, be the periodic complex of functors in Fun(A, Z) of Subsec- 
tion [531 an d let P. C /. be its canonical truncation at 0. Explicitly, we have 
Po = <^> the constant functor, and 

P 2 i-x=l\ P 2 i = I° 

for any I > 1. The complex P. is acyclic. Moreover, the pullback i*P, with 
respect to the functor i : AI re d — > A of Subsection 13.31 is admissible in the 
sense of Lemma 13.101 

Let r] + : Z F°I. , ??" : Z = Po - >• P. be the natural embeddings, and 
define a map 

r?:/. ^P. <g>(F /.) 



by 
(5.5) 




on Ii, I < 0, 
on > 0. 



Let F l P,, I > be the stupid filtration on the complex P.. Then for any 
/ > 0, the map r\ induces a map 

(5.6) n : F~ l I. -> F°I. ® P 2/ P. , 

and this map is a quasiisomorphism (both sides are quasiisomorphic to 
Z[2l]). 

Lemma 5.15. For any n > \, I > 0, and any complex V £ Fun(A^ pp ,Z), 
£/ie natural map 

(5.7) r? : 7r n *(y ® CP"'/.) -)• vr n ,(F <F /. i* n F 2l P.) 
is a quasiisomorphism. 

Proof. Both sides are finite-length complexes in Fun(A^ pp , Z), and after eval- 
uating at an object [m] G A n , both sides give complexes of free Z[Z/nZ]- 
modules. Therefore we may replace 7T n * with its derived functor R'ir n *. 
Then the claim immediately follows from the fact that (I5.6P is a quasiiso- 
morphism. □ 



Corollary 5.16. For any integer n > 1 and any twisted periodic complex 
V. of filtered abelian groups, the map n of (15. 5h induces a quasiisomorphism 

Exp(StaMK)) hmir n J* n (Exp(V.)®F l P.). 

i 
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Proof. By Lemma 15.121 and Definition 15.131 we have 

Exp(Stab n (K)) = lmiTw; Exp(V.(l)), 

i 

— > 

and by definition, we have 

Exp(y.(!))=F°(V.®F- l I.) 
for any integer I > 0. □ 

5.5 Comparison. Consider now the category V(ARh, i*P., k) of Subsec- 
tion 13. 3| with the specific choice of the complex P. made in Subsection 15.41 
Let r : ARh = A x I — > A be the tautological projection. Then for 
any twisted periodic complex V. of abelian groups, a collection of maps 
<-Pp '■ V. — y Stab p (V.) for all prime p induces a map 

rj o r* Exp(p) : r* Exp(V.) -> 7r*f r*(Exp(V".) ® P.), 

which gives by adjunction a map 

£ : ^*r* Exp(K) -> i*(r* Exp(V.) ® TP.). 

Sending (V. , to (r* Exp(V.)>¥>) then defines a comparison functor 

(5.8) Exp : TVM per -> V c (AR h , P., Z). 

By Proposition 13.121 the following result immediately yields Theorem 15.41 

Proposition 5.17. The functor Exp of (j5.8j) is an equivalence of categories. 

To prove this result, we need to generalize it. Consider the twisted 
periodic filtered derived category PJ rper (/ opp , Z) of functors from / opp to 
abelian groups. The cyclic expansion functor gives a functor 

(5.9) Exp : PPP er (/ opp ,Z) V w {AR° h pp ,Z), 

where V w (AR opp ,Z) C V(AR opp ,Z) is as in Proposition EJ3J Lemma EHB 
immediately shows that this functor Exp is an equivalence of categories. 
Moreover, for any n > 1, let v n : I — > I be the functor given by multi- 
plication by n, as in (|2. 18[) . and for any twisted periodic filtered complex 
M € VTP er {I opp ,Z), let 

Stab^(M) = i/*Stabn(M). 
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- — - — ^per 

Let TDM. be the derived category of such complexes M equipped with a 
collection of maps 

ip p : M -> Stabp(M) 

for all primes p. Denote by h* : TVM^ VTP er (I opp ,Z) the forgetful 
functor. It has an obvious right-adjoint /i* given by 

(5.10) Ju(M)(n) = M0 JJStab p (M), 

p\n 

where the product is taken over all prime divisors of the integer n € I. 
Moreover, the construction of the functor Exp of (|5.8[) also gives a functor 

(5.11) Exp : TVM PeT -+V w (AR h ,i*P.,Z), 
and by construction, we have 

(5.12) h* o Exp ^ Exp oh*, 

where h* in the left-hand side is the restriction functor of Proposition 13.131 

Proposition 5.18. The functor (|5,lip is an equivalence of categories. 

Proof. As in the proof of Proposition 12.121 Proposition 13.131 (ii) implies that 
the functor Exp has a right-adjoint functor 

- — per 

K : V w (AR h , »*P.,Z) -> FDM . 

Moreover, by (|5.10p . Corollary 15.161 and Lemma 13.141 the base change map 

Exp o h* — >• /i* o Exp 

induced by (|5.12p is an isomorphism. Therefore by adjunction, 

h*oK^ Exp _1 o?, 

where Exp -1 is the equivalence inverse to =eqrefexp.w. We conclude that 

h* o K o Exp = Exp -1 o Exp oh*, h* o Exp o K = Exp -1 o Exp oh*. 

As in the proof of Proposition 12.121 the functor h* is conservative, and Exp 
and Exp -1 are mutually inverse equivalences of categories. Therefore so are 
the functors Exp and K. □ 
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Proof of Proposition 5.17. The tautological projection r : / — > pt induces a 
functor 

r* : vr per {z) ->■ VF> er (r pp ,1). 

This is a full embedding onto the full subcategory spanned by the locally 
constant functors; the adjoint functor is given by 

t* = R" lim . 

i°pp 
<— 

By Lemma 15.141 stabilized subdivision commutes with arbitrary products, 
so that t* oStabp = Stab p or*. Therefore r* and t* extend to an adjoint pair 

- — - — -'per 

of functors between TVM per and TVM. , so that FVM per is identified 

- — - — ^per 

with the full subcategory in spanned by objects M with locally 

constant h*M. By (|5.12p . the equivalence of Proposition 15. 181 identifies this 
subcategory with VAR(Z) ^ V c (AR h ,i* P.,Z) C V w (AR h , i*P„ Z). □ 



6 Topological cyclic homology. 

We finish the paper with a brief discussion of topological cyclic homology 
(we again follow 1 1 .\Tj ) . 

Fix the G-universe U as in Subsection 14.41 an d recall that for any m > 1, 
we have canonical functors $ m ) $ m endofunctors of the category G-Sp = 
G-Sp(U). We also have natural maps can : ^ m — > <£ m . For any T € G-Sp 
and a pair of integers r,s > 1, one has a natural non-equivariant map 

On the other hand, assume that T is equipped with a cyclotomic structure. 
Then we have a natural map 

R TjS : T c - (& s (T)) Cr (^(T))^ — !^-> T c '-, 

where r s comes from the cyclotomic structure on T. Taken together, the 
maps F TtS and R T)S define a functor I(T) from the category I opp of Subsec- 
tion [L3] to the category of non-equivariant spectra: we let I(T)(n) = T Cn 
for any n £ I, and we let the morphisms F r , R r : s — > rs act by the maps 

Definition 6.1. The topological cyclic homology TG(T) of a cyclotomic 
spectrum T is a non-equivariant spectrum given by 

TC(T) = holimi<w.7(T). 
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Assume now given a cyclotomic complex M G DAR(Z), and consider the 
functor 5 : 1 — > AR of (fTT6l) . 

Definition 6.2. The topological cyclic homology TC.(M) of a cyclotomic 
complex M G PAR(Z) is given by 

TC. = H'(I opp ,a*^M), 

- — — ~- - — — opp 

where : PAR(Z) ^ V C (AR, X*T.,Z) -> £> c (Ai? ,Z) is the right-adjoint 
to the corestriction functor. 

In particular, assume given a G-spectrum T, and consider its equivariant 
chain complex C.(T) € X>MA(Z) of Subsection S3) 

Proposition 6.3. For any cyclotomic spectrum T, we have a natural iso- 
morphism 

TC.(C.(T))^#.(TC(T),Z), 

where H,( — ,X) denotes the homology of a non- equivariant spectrum with 
coefficients in Z. 

Proof. By Lemma 14,12^ we have 

a*^C.(T)(m) C.(r Cm ) 

for any m G I, so that o?£*C.(T) G P(I ow ,Z) is isomorphic to C.(J(T),Z), 
the non-equivariant chain homology complex of the system of spectra /(T) 
used in Definition 16. 11 □ 

In view of the equivalence of Theorem 15.41 it would be desirable to 
express the topological cyclic homology functor TC. of Definition 16.21 in 
terms of filtered Dieudonne modules. A natural notion of homology for 
filtered Dieudonne modules is the following. 

Definition 6.4. Syntomic cohomology of a generalized filtered Dieudonne 
module M G TVM per (Z) is given by 

RHom"(Z,M), 

where Z G J 7 T>A4 per is the trivial filtered Dieudonne module. 

In general, syntomic cohomology and topological cyclic homology are 
different. However, to have the following comparison result. 
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Theorem 6.5. Assume that M G £>AR(Z) = TVM per (Z) is profinitely 
complete. Then we have a natural isomorphism 

TC.(M) ^ RHom'(Z,M). 

Proof. In term of cyclotomic complexes, the trivial Dieudonne module Z cor- 
responds to the corestriction £*Z of the constant functor Z E Fun(Ai? , Z). 
Then by adjunction, we have 

- — • — ow 

RHom'(Z,M) ^ H (AR ,£*M). 

Opp 

Thus it suffices to prove that for any profinitely complete M G T>{AR , Z), 
the natural map 

H'{I opp ,5*M) -> H'(KR PP ,M) 
is an isomorphism. Equivalently, we have to prove that the map 

iTQl/N*], A*5*M) -> H'{KR opp XM) 

is an isomorphism. By base change, A*5* = a* A*, and since right-derived 
Kan extensions commute with profinite completions, we apply Proposi- 
tion 11.131 and replace AR with AR. But we know that j*A*M becomes 
locally constant after restricting to A C AR, and we claim that for any 
M' G V(AR,Z) with locally constant h*M' G V(A,k), the map 

H'([l/N*],a*M') H'(AR, M 1 ) 

is an isomorphism. Indeed, by Lemma [1.6[ we can compute the direct image 
5\ fiberwise, and since h*M' is locally constant, the adjunction map 

6*S\M' -> M' 

is an isomorphism. Then 

H'(AR, M') 2* H'{AR,S*5\M') ^ H'([l/N*], 8\M'), 

and since 5 o a = id, the right-hand side is exactly fl"([l/N*] 3 a*M'). □ 

In conclusion, let me say that to obtain an analogous comparison iso- 
morphism for an arbitrary cyclotomic spectrum T, one has to modify the 
definition of topological cyclic homology TC(T) by replacing the fixed-points 
functors T c ' m in the system I(T) with their homotopy fixed points 
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with respect to the residual action of the group G = U{1) (this should be 
related to the usual TC by a cofiber sequence analogous to (|1.27p ). I do not 
know whether it makes sense to do it from the topological point of view. 
I am very grateful to L. Hesselholt for explaining to me why it does not 
matter in the profinitely complete case. 

7 Appendix. 

In this Appendix, we collect some facts used throughout the paper; most of 
the facts are well-known, but our terminology may be non-standard. 

First of all, a piece of general nonsense. Assume given a square 

A — ^ B 

a c 



and assume that a and c admit left-adjoint functors at, a. Then an isomor- 
phism do a = cob induces by adjunction a map 

a o b — > a\ o b. 

We call this map and its various adjoints the base change map induced by 
the isomorphism d o a = c o b. 

For any category C with objects c, c' G C, we denote by C(c,c') the 
set of maps from c to c', and we denote by C opp the opposite category, 
C opp (c, c') = C(c' , c). For a small category C and a category A, we denote by 
F\m(C,A) the category of cuntors from C to A. For a functor / : C — > C , 
/* : Fun(C',A) — > Fun(C,A) is the pullback, and f\, /* are the left and 
the right Kan extensions (when they exists). If A is abelian, we denote 
by T>(C,A) the derived category of the category Fun(C,^4), and by abuse 
of notation, we use f\ and /* to denote the derived functors of the Kan 
extensions. If A = fe-mod, the category of modules over a ring k, we shorten 
Fun(C,/c-mod), V(C, fc-mod) to Fun(C,fc), V(C,k). The homology H.(C,k) 
resp. cohomology H ' (C, k) of a small category C is defined by taking dervied 
Kan extensions with respect to the projection C — > pt. As usual, H' (C, k) is 
an algebra, and H.(C,k) is a module over H"(C,k). The homology can be 
computed by an explicit bar complex C.(C, k). 

We also introduce the following slightly non-standard definition. 
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Definition A.l. Assume given a small category C. An object E. G T>(C, k) 
is locally constant if for any map / : a — > b in C, the map E.(f) : E,{a) — > 
E,{a) is a quasiisomorphism. 

We freely use the notions from [SGA] (Cartesian map, fibration, cofi- 
bration, bifibration); for a brief overview with exactly the same notation 
as in this paper, see (Kail Section 1]. We also freely use the base change 
isomorphism and projection formula of [KaH Lemma 1.7]. We also use the 
following notion from [BouJ. 

Definition A. 2. A factorization system on a category C is given by two 
subcategories C v ,Ch C C such that all isomorphisms in C he both in C v and 
in Ch, and any morphism / in C decomposes as / = v o h, v G C v , h € Ch, 
and such a decomposition is unique up to a unique isomorphism. 

Example A. 3. If 7 : C — > C is a fibration, then fiberwise and Cartesian 
maps form a factorization system on C. 

Factorization systems are actually very useful gadgets, although they 
are traditionally relegated to appendices and introductions (and we follow 
the tradition). Definition IA.2I has several corollaries and/or equivalent re- 
formulations. For example, one can show that C v DCh exactly consists of all 
the isomorphisms in C; moreover, maps in C v have a unique lifting property 
with respect to maps in Ch, and vice versa. We refer the reader to [BouJ 
for discussion. We will need one result which is not in [Bou| . Assume that 
the category C is small, and let C be the category of all objects in C and all 
isomorphisms between them, so that we have a Cartesian square 

C C h 

h 

where v, h,v, h are the embedding functors. Then the isomorphism v*oh* = 
h = v* induces a base change map 

(A.l) h\ov*^v*oh\ 

of functors from T>(Ch, k) to T>(C V , k). 

Lemma A. 4. The base change map (|A.1|) is an isomorphism. 
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Proof. Since the category T>(Ch, k) is generated by representable functors of 
the form 

k c (c) = k[C h (c,c')}, 

c,c' £ Ch, it suffices to prove that (|A.1|) becomes an isomorphism after 
applying to some such functor k c G Fun(C/ l ,/c), c S Ch- Indeed, h\ sends 
representable functors into representable ones, so that we have 

(A.2) v*hk c (c) = h]k c (c') = k[C{c, c')] 

for any d £ C. But by the definition of a factorization system, we have a 
natural isomorphism 

(A.3) C(c, c') = ]J (C h (c, c") x C v (c", c'))/Aut(c"), 

c"GC 

and the actions of the groups Aut(c") are free. Therefore (|A.2p is isomorphic 
to 

c"ec 

and the right-hand side is exactly v*k c . □ 

We also use the ^loo-technology; a brief introduction to the relevant 
part of it is contained in [Ka2, Section 1.5]. Here we just recall that an A^- 
algebra is an algebra over a certain asymmetric operad AsSqo of complexes of 
abelian groups, a cofibrant resolution of the associative asymmetric operad 
Ass. An ^oo-coalgebra is an ^oo-algebra in the opposite category. Since 
the operads are asymmetric, one can define algebras in an arbitrary tensor 
category. In particular, for any set S, one can consider the category of 
abelian groups graded by S x S, with tensor product given by 

(V 8) V').s = V S:S „ g) V' s ,, jS . 
s"es 

An ^oo-algebra in this category is a small ^co-category with the set of 
objects S. More generally, given a small category C with the of objects Co 
and the set of morphisms C\, one can consider the category of Ci-graded 
vector spaces, with the tensor product given by 

(V®V') f = Vf <S> Vf,t. 
f=f'°f" 

A C-graded Aoo-coalgebra is an ^oo-coalgebra in this category. 
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The derived category £>(£?., Ab) of Aoo-functors from a small Aoo-cate- 
gory B. to the category of complexes of objects in an abelian category Ab is 
defined by considering the DG category of all such functors and A^-maps 
between them, and inverting quasiisomorphisms. The invertion procedure 
presents no problems, since the DG category is well-behaved (at least if Ab 
is large enough, for example Ab = A;- mod for some ring k). Every object 
has an /i-projective and an /i-injective replacement. For every Aoo-morphism 
/ :B.->B[, we have the pullback functor /* : V(B[, Ab) -> V(B„ Ab), and 
it has the right and left-adjoint functors : V(B.,Ab) — >■ V(B[,Ab). 

Given a C-graded Aoo-coalgebra TZ., one considers the DG category of 
C-graded k- valued Aoo-comodules over TZ.. One can still invert quasiiso- 
morphisms to obtain the triangulated derived category TD(C, TZ., k). For any 
^oo-map / : TZ, — > TZ[ , we have the corestriction functor /* : V(C,TZ., k) — > 
V(C,TZ[,k). For any functor f : C — > C, we have the pullback C'-graded A^- 
coalgebra f*TZ, and a pullback functor /* : V(C,TZ,,k) — > V(C' , f*TZ. , k). 
However, /i-projective replacements usually do not exist at all, and there is 
no general procedure for constructing /i-injective ones. Therefore the exis- 
tence of adjoints is non-trivial One case where an adjoint does exist is the 
embedding functor i : pt — > C of the point category onto an object c G C. In 
this case, an adjoint to the pullback functor i* : V(C, T., k) — > V(k) is given 
by the cofree ^oo-module functor, sending M G V{k) to an ^oo-comodule 
M c with 

M c (c')^M® T.(f). 

f:c'->c 

Another situation where things are easy is the trivial C-graded Aoo-coalgebra 
TZ. given by TZq(/) = Z for any / G Ci, and B4 = for i ^ 0. 

Lemma A. 5. Assume given a small category C, and let TZ be the trivial 
C-graded Aoo-coalgebra. Then every h-projective complex of functors from 
C opp to A;- mod is h-projective as an A^-comodule over TZ, and the natural 
embedding 

V(C opp , k) ->■ V(C, TZ, k) 
is an equivalence of categories. 

Proof. Let B.(c,c r ) = Z[C(c,c')] be the free additivie category generated by 
C, and treat it gory in the obvious way. Then by definition, 

an Aoo-comodule over the trivial Aoo-coalgebra TZ is the same thing as an 
Aoo-functor from B° pp to complexes of /c-modules. Thus it suffices to prove 
the claim for Aoo-categories, wehre it is well-know. □ 
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Lemma A. 6. Assume given a small category C, a C-graded A^-coalgebra 
T., and a functor p : C — > C from a small category C such that p*T. is 
isomorphic to the trivial C -graded A^-coalgebra. Then the pullback functor 
p* : T>(C,T.,k) — > T>(C',k) admits a right-adjoint functor 

p* :V(C',k) -H>(C,T.,k). 

Proof. By definition, we have to prove that for any object M £ D(C , k), the 
functor 

(A.4) N !->• Rom(p*N, M) 

from £>(C, T.,k) to the category of &;-modules is representable. By the cobar 
construction, every object M 6 T>(C, k) is the cone of an endomorphism of 
an object M' £ T>(C ', k) of the form 

M' = \\M h 

where each Mj = M' a is the corepresentable functor from C to fc-mod cor- 
responding to an object a £ C' and some M' G k-mod. Thus it suffices to 
prove that the functor (|A.4p is representable for M = M' a . The representing 
object is given by the cofree Aoo-comodule M' ,s € T>(C,7~., k). □ 

Lemma A. 7. Assume given a small category C equipped with a factor- 
ization system, as in Lemma \A.4\ Moreover, assume given a C-graded 
Aoo-coalgebra T. such that h*T. is a trivial Ch-graded Aoo-coalgebra, as in 
Lemma [A.6\ Then the base change map 

v* o h* — » /i* o v* 

of functors from X>(C^ PP , k) to D(C v ,v*7~., k) induced by the obvious isomor- 
phism v* o h* = h o v* is itself an isomorphism. 

Proof. The same proof as for Lemma IA.4I works, with the adjoints con- 
structed by Lemma lA.61 □ 

All the categories of Aoo-comodules that we consider in this paper ought 
to be symmetric tensor categories. However, to construct the tensor product, 
one would need to equip the ^oo-coalgebras with some sort of Hopf algebra 
structure, and this is too heavy technically. Therefore in general, we avoid 
tensor products. We do need them in one easy case. Say that a C-graded 
^too-coalgebra 1Z. is augmented if TZ-i = for i < 0, and Tlo(f) = Z for any 
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morphism / in C. We them have an obvious augmentation map £ : Ze — > TZ. , 
and the corresponding corestriction functor 

C : V(C opp ,k) ->I>(C,K.,k). 

However, we have more: for every complex M. in Fun(C OKP , k) and every 
Aoo-comodule E. over 7Z,, we can define the tensor product E. ® £*M. by 
setting 

(E, ® £*M.)(c) = E.(c) ® M,(c), ceC, 

with the ^co-operations given by the products of the ^loo-operations in E. 
and the structure maps of the functor M.. This construction is obivously 
associative in M. . 

Finally, in order to construct ^co-categories and Aoo-coalgebras, we use 
various categorical constructions associative "up to an isomorphism" . Here 
is the prototype example (for more details, see |Ka2l Subsection 1.6]). As- 
sume given a small monoidal category C, with an associativity isomorphism 
satisfying the usual pentagon equation. Then in effect, C is an algebra over 
the following asymmetric operad. 

Definition A. 8. The monodial category operad I n is an operad of groupoids 
defined as follows: 

(i) on objects, I n is the free operad generated by a single binary operation, 

(ii) on morphisms, there exists exactly one morphisms between any two 
objects of the groupoid I n . 

The bar complex C.(C,k) is automatically an algebra over the operad 
C. (J.,Z). But the operad C. (J. , Z) is a resolution of the associative operad 
Ass, and the Aoo-operad AsSqo is another such resolution, and a cofibrant 
one. Therefore the augmentation map AsSqo — > Ass factors through a map 
Ass — > C, (J.,Z). Fixing such a factorization once and for all, we turn the 
bar complex C, (C, k) into an Aoo-algebra over k. 
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